Four-Fermion Working Group Report

Martin Grünewald and Giampiero Passarino

E. Accomando , A. Ballestrero , P. Bambade , D. Bardin , W. Beenakker , F. Berends , E. Boos , A. Chapovsky , A. Denner , S. Dittmaier , M. Dubinin , J. B. Hansen, V. Ilyin , S. Jadach , Y. Kurihara , M. Kuroda , E. Maina , G. Montagna , M. Moretti , O. Nicrosini , A. Olshevsky, M. Osmo , A. Pallavicini , C. Papadopoulos , H. Phillips , F. Piccinini , R. Pittau , W. Placzek , T. Riemann, M. Roth , A. S. Schmidt-Kaerst, Y. Shimizu, M. Skrzypek , R. Tanaka , M. Verzocchi , D. Wackeroth , B. F. L. Ward , Z. Wa̧s,

DRAFT

Contents

1. The CC03 cross section 3

2. Dealing with unstable particles 3

3. The leading-pole approximation 5

4. Radiative corrections in double-pole approximation 9 4.01 Virtual corrections . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 4.02 Real-photon radiation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 4.1 A hybrid scheme – virtual corrections in DPA and real corrections from full matrix elements 14 4.2 Intrinsic ambiguities and reliability of the double-pole approximation . . . . . . . . . . 15 4.21 Remarks on DPA corrections to distributions inclusive w.r.t. photons . . . . . . . 16 4.3 Double-pole approximations in practice . . . . . . . . . . . . . . . . . . . . . . . . . . 18 4.31 The YFSWW approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 4.32 The BBC approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 4.33 The RacoonWW approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

5. The fermion-loop and non-local approaches 18 5.1 The fermion-loop scheme . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 5.2 The non-local approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

1. The CC03 cross section In order to extract the W W signal from the full set of e^+e^− → 4f processes, the CC03 cross section was introduced and discussed in [4]. In lowest order, this cross section is simply based on the three W W signal diagrams with the full four-particle kinematics with off-shell W bosons. Compared to the full set of diagrams, the CC03 subset depends only trivially on the final state and allows to combine all channels easily. However, since the CC03 cross section is based on a subset of diagrams, it is gaugedependent and usually defined in the ’t Hooft–Feynman gauge. While the CC03 cross section is not an observable, it is nevertheless a useful quantity at LEP 2 energies where it can be classified as a pseudoobservable. It contains the interesting physics, such as the non-abelian couplings and the sensitivity of the total cross section to M_W near the W -pair threshold. The goal of this common definition is to be able to combine the different final state measurements from different experiments so that the new theoretical calculations can be checked with data at a level better than 1%. Note, however, that the CC03 cross section will become very problematic at linear-collider energies, where the background diagrams and the gauge dependences are much larger.

The double-pole approximation (DPA) of the lowest-order cross section emerges from the CC03 diagrams upon projecting the W -boson momenta in the matrix element to their on-shell values. This means that the DPA is based on the residue of the double resonance, which is a gauge-invariant quantity, because it is directly related to the sub-processes of on-shell W -pair production and on-shell W decay. In contrast to the CC03 cross section, the DPA is theoretically well-defined. The price to be paid for this is the exclusion of the threshold region, where the DPA is not valid. On the other hand, the DPA provides a convenient framework for the inclusion of radiative corrections.

It is worth summarizing the status of the W W cross-section prior to the 2000 Winter Conferences. Nominally, any e^+e^− → WW → 4f is a tree level calculation and one could try the standard procedure of including, in a reasonable way, as much as possible of the universal corrections by constructing an improved Born approximation (hereafter IBA). This is the way the data have been analyzed so far, mostly with the help of GENTLE. Experimenters have compared GENTLE and grc4f for CC03. When one puts the same input parameters, renormalization scheme, etc, a technical agreement at the 0.1% level is found. This is not enough, we wish the theoretical uncertainty to be below 1% (0.5% seems possible) with justification.

Indeed, we have clear indications that non-universal electroweak corrections for W W (CC03) cross-section are not small and even larger than the experimental LEP accuracy. GENTLE will produce a CC03 cross-section, typically in the G_F -scheme, with universal ISR QED and non-universal ISR/FSR QED corrections, implemented with the so-called current-splitting technique. The corresponding curve has been used for the definition of the Standard Model prediction with a ±2% systematic error assigned to it. Note that, in GENTLE, the non-universal ISR correction with current-splitting technique reads as +0.4% effect at LEP 2 energies.

Recently, a new electroweak O (α) CC03 cross-section has become available, in the framework of DPA, showing a result that is 2–2.5% smaller than the CC03 cross section from GENTLE. This is a new numbers big effect since the combined experimental accuracy of LEP experiments is of the same magnitude. It is, therefore, of the upmost importance to understand the structure of a DPA-corrected CC03 cross-section.

2. Dealing with unstable particles The main purpose of this report is to qualify as a reference handbook for precision experiments at LEP 2 energies. As such, the report is essentially devoted to describe the state-of-the-art in the predictions of the MC adopted by the experimental Collaborations, with particular emphasis on reaching a reliable estimate of the Standard Model background to searches.

Comment Ansgar: I would omit the part after the comma of the preceeding sentence ← Comment Sasha and Wim: Agreed ←

Nevertheless, most of our technical problems originate from the complications naturally pertaining to the gauge structure of the theory and to the presence of unstable particles. As an interlude, we would like to summarize the nominal essence of the theoretical basis of all generators. In this respect one should remember that several, new, theoretical ideas were fully developed also as a consequence of a previous workshop on W W -physics and, in turn, many generators have profited from the most recent theoretical development. Furthermore, this Section will be a natural place where to add some consideration about the fine points in the DPA-procedure.

Four-fermion production processes, with or without radiative corrections, all involve fermions in the initial and final state and unstable gauge bosons as intermediate particles. Sometimes a photon is also present in the final state. If complete sets of graphs contributing to a given process are taken into account, the associated matrix elements are in principle gauge-invariant, i.e. they are independent of gauge fixing and respect Ward identities. This is, however, not guaranteed for incomplete sets of graphs like the ones corresponding to the off-shell W -pair production process (CC03). Indeed this process has been found to violate the SU(2) Ward identities [25].

In addition, the unstable gauge bosons that appear as intermediate particles can give rise to poles 1/(p^2 − M^2) in physical observables if they are treated as stable particles. In view of the high precision of the LEP 2 experiments, the proper treatment of these unstable particles has become a demanding exercise, since on-shell approximations are simply not good enough anymore. A proper treatment of unstable particles requires the re-summation of the corresponding self-energies to all orders. In this way the singularities originating from the poles in the on-shell propagators are regularized by the imaginary parts contained in the self-energies, which are closely related to the decay widths (Γ) of the unstable particles. The perturbative re-summation itself involves a simple geometric series and is therefore easy to perform. However, this simple procedure harbours the serious risk of breaking gauge invariance. Gauge invariance is guaranteed order by order in perturbation theory. Unfortunately one takes into account only part of the higher-order terms by re-summing the self-energies. This results in a mixing of different orders of perturbation theory and thereby jeopardizes gauge invariance, even if the self-energies themselves are extracted in a gauge-invariant way. Apart from being theoretically unacceptable, gaugebreaking effects can also lead to large errors in the MC predictions. At LEP 2 energies this problem occurs in the reactions e^+e^− → e^−ν̄_eud̄, e^+ν_eūd for forward-scattered beam particles [26].

Based on this observation, it is clear that a gauge-invariant scheme is required for the treatment of ← unstable particles. It should be stressed, however, that any such scheme is arbitrary to a greater or lesser extent: since the Dyson summation must necessarily be taken to all orders of perturbation theory, and we are not able to compute the complete set of all Feynman diagrams to all orders, the various schemes differ even if they lead to formally gauge-invariant results. Bearing this in mind, we need besides gauge invariance some physical motivation for choosing a particular scheme. In this context two options can be mentioned. Either one can try to subtract gauge-violating terms or one can try to add gauge-restoring terms to the calculation.

The first option is the so-called pole scheme [27]. In this scheme one decomposes the complete amplitude by expanding around the poles. As the physically observable residues of the poles are gaugeinvariant, gauge invariance is not broken if the finite width is taken into account in the pole terms ∝ 1/(p^2 − M^2). In reactions with multiple unstable-particle resonances it is rather awkward to perform the complete pole-scheme expansion with all its subtleties in the treatment of the off-shell phase space [28, 17]. Therefore one usually approximates the expansion by retaining only the terms with the highest ← degree of resonance. This approximation is called the leading-pole approximation and is closely related to on-shell production and decay of the unstable particles. The accuracy of the approximation is typically O(Γ/M), making it a suitable tool for calculating radiative corrections, since in that case the errors are further suppressed by powers of the coupling constant [28, 17]. Since diagrams with a lower degree of ← resonance do not feature in the leading-pole approximation, it is not an adequate approach for describing lowest-order reactions. So, for lowest-order reactions one needs an alternative approach.

The second option is based on the fundamentally different philosophy of trying to determine and include the minimal set of Feynman diagrams that is necessary for compensating the gauge violation caused by the self-energy graphs. This is obviously the theoretically most satisfying solution, but it may cause an increase in the complexity of the matrix elements and consequently a slowing down of the numerical calculations. Two methods have been developed along these lines. First of all, for the gauge bosons we are guided by the observation that the lowest-order decay widths are exclusively given by the imaginary parts of the fermion loops in the one-loop self-energies. It is therefore natural to perform a Dyson summation of these fermionic one-loop self-energies and to include the other possible one-particle-irreducible fermionic one-loop corrections (fermion-loop scheme) [26, 29, 30, 31]. For the lowest-order LEP 2 process e^+e^− → 4f this amounts to adding the fermionic corrections to the triple gauge-boson vertex. The complete set of fermionic contributions forms a manifestly gauge-invariant subset, since it involves the closed subset of all O([N^f_c α/π]^n) contributions (with N^f_c denoting the colour degeneracy of fermion f). Moreover, it obeys all Ward identities exactly, even with re-summed propagators, as shown in Ref. [30] for two- and four-fermion production (see also Ref. [180] for a more ↓ general discussion of the interplay between Ward identities and Dyson resummation). The limitation of the fermion-loop scheme is due to the fact that it does not apply to particles with bosonic decay modes and that on resonance one perturbative order is lost. This in turn disqualifies it as a candidate for handling radiative corrections. Moreover, the inclusion of a full-fledged set of one-loop corrections in a ↑ lowest-order amplitude tends to over-complicate things for reactions like e^+e^− → 4fγ.

Comment Sasha and Wim: Let’s stick to the fermion-loop scheme as implemented in the MC. If we start to mention the background-field method we will have to discuss it completely (concept + problems like the gauge-dependence in the bosonic sector) AND we will have to mention the pinch technique. That would really open a can of worms. ← ↓ A very simple, ad hoc way to compensate width effects of propagators by vertex modifications is to analytically continue the corresponding mass parameters in all Feynman rules consistently, leading to complex couplings. This complex-mass scheme preserves all Ward identities and works for lowestorder predictions. It should be noted, however, that the so-obtained complex couplings and masses do not follow from perturbation theory. For space-like gauge-boson momenta, for instance, there should be no imaginary contribution to the propagator. As such the complex-mass scheme harbours the potential risk of changing the CP-structure of the theoretical predictions. In [6] this procedure was applied to e^+e^− → 4f and e^+e^− → 4fγ. ↑ Recently a novel non-diagrammatic technique has been proposed for arbitrary tree-level reactions, involving all possible unstable particles and an unspecified amount of stable external particles [32]. By using gauge-invariant non-local effective Lagrangians, it is possible to generate the self-energy effects in the propagators as well as the required gauge-restoring terms in the multi-particle (3-point, 4-point, etc.) interactions. In this way the full set of Ward identities can be solved, while keeping the gauge-restoring terms to a minimum. At present the first MC implementation of this new method in an existing program, HELAC [33], is in progress. Hence, its full potential is still under scrutiny.

3. The leading-pole approximation As mentioned above, the pole scheme consists in decomposing the complete amplitude by expanding around the poles of the unstable particles. The residues in this expansion are physically observable and therefore gauge-invariant. The pole-scheme expansion can be viewed as a gauge-invariant prescription for performing an expansion in powers of Γ/M. It should be noted that there is no unique definition of the residues. Their calculation involves a mapping of off-shell matrix elements with off-shell kinematics on on-resonance matrix elements with restricted kinematics. This mapping, however, is not unambiguously fixed. After all, it involves more than just the invariant masses of the unstable particles and one thus has to specify the variables that have to be kept fixed in the mapping. The resulting implementation dependence manifests itself in differences of sub-leading nature, e.g. O(Γ/M) suppressed deviations in the leading pole-scheme residue. In special regions of phase space, where the matrix elements vary rapidly, the implementation dependence can take noticeable proportions. This happens in particular near phase-space boundaries, like thresholds.

In order to make these statements a bit more transparent, we sketch the pole-scheme method for a single unstable particle. In this case the Dyson re-summed lowest-order matrix element is given by

M^∞ =

W (p^2, ω) p^2 − M̃^2 ∞∑ n=0 ( −Σ̃(p^2) p^2 − M̃^2 )_n = W (p^2, ω) p^2 − M̃^2 + Σ̃(p^2) = W (M^2, ω) p^2 − M^2 1 Z(M^2) + [ W (p^2, ω) p^2 − M̃^2 + Σ̃(p^2) − W (M^2, ω) p^2 − M^2 1 Z(M^2) ] , (1)

where Σ̃(p^2) is the unrenormalized self-energy of the unstable particle with momentum p and unrenormalized mass M̃. The renormalized quantity M^2 is the pole in the complex p^2 plane, whereas Z(M^2) denotes the wave-function factor:

M^2 − M̃^2 + Σ̃(M^2) = 0, Z(M^2) = 1 + Σ̃^′(M^2). (2)

The first term in the last expression of Eq. (1) represents the single-pole residue, which is closely related to on-shell production and decay of the unstable particle. The second term between the square brackets has no pole and can be expanded in powers of p^2 − M^2. The argument ω denotes the dependence on the other variables, i.e. the implementation dependence. After all, the unstable particle is always accompanied by other particles in the production and decay stages. For instance, consider the LEP1 reaction e^+e^− → f̄f. In the mapping p^2_Z → M^2 one can either keep t = (p_e− − p_f )^2 = −p^2_Z (1 − cos θ)/2 fixed or cos θ. In the former mapping cos θ_{pole} is obtained from the on-shell relation cos θ_{pole} = 1+2t/M^2, whereas in the latter mapping t_{pole} = −M^2(1−cos θ)/2. It may be that a particular mapping leads to an unphysical point in the on-shell phase space. In the present example t_{pole} will always be physical when cos θ is kept fixed in the mapping. However, since | cos θ_{pole}| > 1 for t < −ReM^2, it is clear that mappings with fixed Mandelstam variables harbour the potential risk of producing such unphysical phase-space points.^1 This can have repercussions on the convergence of the pole-scheme expansion. Therefore it is recommended to use implementations that are free of unphysical on-shell phase-space points.

The at present only workable approach for evaluating the radiative corrections to resonance-pair-production processes, like W -pair production, involves the so-called leading-pole approximation (LPA). This approximation restricts the complete pole-scheme expansion to the term with the highest degree of resonance. In the case of W -pair production only the double-pole residues are hence considered. This is usually referred to as the double-pole approximation (DPA). The intrinsic error associated with this procedure is αΓ_W /(πM_W ) × log(. . .) <∼ 0.5%, ← Comment Ansgar: We adapted the number for consistency. We should have the same number everywhere in the report ← Comment Sasha and Wim: Okay ← except far off resonance, where the pole-scheme expansion cannot be viewed as an effective expansion in powers of Γ/M, and close to phase-space boundaries, where the DPA cannot be trusted to produce the dominant contributions. In the latter situations also the implementation dependence of the double-pole residues can lead to enhanced errors. Close to the nominal (on-shell) W -pair threshold, for instance, the intrinsic error is effectively enhanced by a factor M_W /( √ s − 2M_W ) ≡ M_W /ΔE. In view of this it is wise to apply the DPA only if the energy is several Γ_W above the threshold.

In the DPA one can identify two types of contributions. One type comprises all diagrams that are strictly reducible at both unstable W -boson lines (see Fig. 1). These corrections are therefore called

1In the resonance region, |p^2_Z − M^2| ≪ |M^2|, the unphysical on-shell phase-space points occur near the edge of the

e^+ e^− W

W f^′_1

f̄_1

f̄ ′_2

f_2 production decays

Fig. 1: The generic structure of the factorizable W -pair contributions. The shaded circles indicate the Breit–Wigner resonances, whereas the open circles denote the Green functions for the production and decay sub-processes up to O(α) precision.

γ W

W γ W W

W γ W W

W

W

W γ W

W

Fig. 2: Examples for virtual (top) and real (bottom) non-factorizable corrections to W -pair production. The black circles denote the lowest-order Green functions for the production of the virtual W -boson pair.

factorizable and can be attributed unambiguously either to the production of the W -boson pair or to one of the subsequent decays. The second type consists of all diagrams in which the production and/or decay sub-processes are not independent and which therefore do not seem to have two overall W propagators as factors (see Fig. 2). We refer to these effects as non-factorizable corrections.^2 In the DPA the nonfactorizable corrections arise exclusively from the exchange or emission of photons with E_γ <∼ Γ_W [34]. ← Hard photons as well as massive-particle exchanges do not lead to double-resonant contributions. The physical picture behind all of this is that in the DPA the W -pair process can be viewed as consisting of several sub-processes: the production of the W -boson pair, the propagation of the W bosons, and the subsequent decay of the unstable W bosons. The production and decay are hard sub-processes, which occur on a relatively short time interval, O(1/M_W ). They are in general distinguishable as they are well separated by a relatively big propagation interval, O(1/Γ_W ). Consequently, the corresponding amplitudes have certain factorization properties. The same holds for the radiative corrections to the subprocesses. The only way the various stages can be interconnected is via the radiation of soft photons with energy of O(Γ_W ). These photons induce relatively long range interactions and thereby allow the various sub-processes to communicate with each other.

As is clear from the above-given discussion of the DPA, a specific prescription has to be given for

off-shell phase space, since t < −ReM^2 requires cos θ ≈ −1.

2It should be noted that the exact split-up between factorizable and non-factorizable radiative corrections requires a precise (gauge-invariant) definition. We will come back to this point.

the calculation of the DPA residues. Or, in other words, we have to fix the implementation of the mapping of the full off-shell phase space on the kinematically restricted (on-resonance) one. Two strategies have been adopted in the literature [28, 176]. One can opt to always extract pure double-pole residues [28]. ← This means in particular that after the integration over decay kinematics and invariant masses has been performed the on-shell cross-section should be recovered. Alternatively, one can decide to exclude the off-shell phase space from the mapping and apply the residue only to the matrix elements [176]. We will ← come back to the conceptual and numerical differences between these two implementation strategies in the detailed discussion of the DPA programs. At this point we merely note that the numerical differences can serve as an estimate of the theoretical uncertainty of the DPA procedure.

In the rest of this section we will explain those aspects of the DPA procedure that are common to both implementation methods. To this end we focus on the lowest-order reaction

e^+(q_1) e^−(q_2) → W^+(p_1) W^−(p_2) → f̄_1(k_1)f^′_1(k^′_1) f_2(k_2)f̄^′_2(k^′_2), (3)

involving only those diagrams that contain as factors the Breit–Wigner propagators for the W^+ and W^− bosons. Here f̄_1 and f^′_1 are the decay products of the W^+ boson, and f_2 and f̄^′_2 those of the W^− boson. It should be noted that a large part of the radiative corrections in DPA to this reaction can be treated in a way similar to the lowest-order case, which is therefore a good starting point. The amplitude for process (3) takes the form M = ∑ λ_1,λ_2

Π_{λ1λ2} (M_1, M_2)

Δ^{(+)}_{λ1} (M_1)

D_1

Δ^{(−)}_{λ2} (M_2) D_2

, (4)

where any dependence on the helicities of the initial- and final-state fermions has been suppressed, and

D_i = M^2_i − M^2_W + iM_W Γ_W , M^2_i = (k_i + k^′_i)^2. (5)

The quantities Δ^{(+)}_{λ1} (M_1) and Δ^{(−)}_{λ2} (M_2) are the off-shell W -decay amplitudes for specific spin-polarization states λ_1 (for the W^+) and λ_2 (for the W^−), with λ_i = (−1, 0, +1). The off-shell W -pair production amplitude Π_{λ1λ2} (M_1, M_2) depends on the invariant fermion-pair masses M_i and on the polarizations λ_i of the virtual W bosons. In the limit M_i → M_W the amplitudes Π and Δ^{(±)} go over into the on-shell production and decay amplitudes.

In the cross-section the above factorization leads to ∑ fermion helicities

|M|^2 = ∑ λ_1,λ_2,λ^′_1,λ^′_2

P_{[λ1λ2][λ}′_{1λ}′_{2]}(M_1, M_2)

D_{λ1λ}′_1 (M_1) |D_1|^2

D_{λ2λ}′_2 (M_2) |D_2|^2

. (6)

In Eq. (6) the production part is given by a 9 × 9 density matrix

P_{[λ1λ2][λ}′_{1λ}′_{2]}(M_1, M_2) = ∑ e^± helicities

Π_{λ1λ2} (M_1, M_2) Π^∗_λ′_{1λ}′_2 (M_1, M_2). (7)

Similarly the decay part is governed by 3 × 3 density matrices

D_{λiλ}′_i (M_i) = ∑ fermion helicities

Δ_{λi} (M_i) Δ^∗_λ′_i (M_i), (8)

where the summation is performed over the helicities of the final-state fermions.

It is clear that Eq. (7) is closely related to the absolute square of the matrix element for stable unpolarized W -pair production. In that case the cross-section contains the trace of the above density matrix

Tr P(M_W , M_W ) = ∑ λ_1,λ_2

P_{[λ1λ2][λ1λ2]}(M_W , M_W ) = ∑ all polarizations

|Π_{λ1 λ2} (M_W , M_W )|^2. (9)

The decay of an unpolarized on-shell W boson is determined by

Tr D(M_W ) = ∑ λ_i D_{λiλi} (M_W ) = ∑ all polarizations

|Δ_{λi} (M_W )|^2. (10)

Note, however, that also the off-diagonal elements of P(M_W , M_W ) and D(M_W ) are required for determining Eq. (6) in the limit M_i → M_W .

As a next step it is useful to describe the kinematics of process (3) in a factorized way, i.e. using the invariant masses M_1 and M_2 of the fermion pairs. The differential cross-section takes the form dσ = 1 2s ∑ |M|^2 dΓ_{4f} = 1 2s ∑ |M|^2 dΓ_{pr} · dΓ^+_{dec} · dΓ^−_{dec} · dM^2_1 2π · dM^2_2 2π , (11)

where dΓ_{4f} indicates the complete four-fermion phase-space factor and s = (q_1 +q_2)^2 the centre-of-mass energy squared. The phase-space factors for the production and decay sub-processes, dΓ_{pr} and dΓ^±_{dec}, read

dΓ_{pr} = 1 (2π)^2 δ(q_1 + q_2 − p_1 − p_2) d⃗p_1 2p_{10} d⃗p_2 2p_{20} , dΓ^+_{dec} = 1 (2π)^2 δ(p_1 − k_1 − k^′_1) d⃗k_1 2k_{10} d⃗k^′_1 2k^′_{10} , dΓ^−_{dec} = 1 (2π)^2 δ(p_2 − k_2 − k^′_2) d⃗k_2 2k_{20} d⃗k^′_2 2k^′_{20}

. (12)

When the factorized form for ∑ |M|^2 is inserted one obtains dσ = 1 2s ∑ λ_1,λ_2,λ^′_1,λ^′_2

P_{[λ1λ2][λ}′_{1λ}′_{2]}(M_1, M_2) dΓ_{pr} × D_{λ1λ}′_1 (M_1) dΓ^+_{dec} × D_{λ2λ}′_2 (M_2) dΓ^−_{dec} ×

× 1 2π dM^2_1 |D_1|^2 × 1 2π dM^2_2 |D_2|^2

, (13)

which is the common starting point for any of the DPA implementations.

4. Radiative corrections in double-pole approximation A full calculation of the complete electroweak O(α) corrections to e^+e^− → 4f(+γ) for all four-fermion final states is beyond present possibilities. While the real bremsstrahlung corrections induced by e^+e^− → 4fγ are known exactly [5, 6, 7], there are severe technical and conceptual problems with the virtual corrections to four-fermion production. Fortunately, the full account of the O(α) corrections is not needed at the level of accuracy demanded by LEP 2. For W -pair-mediated processes, e^+e^− → WW → 4f, the required accuracy of predictions is of the order of 0.5% for integrated quantities. At this level, the corrections to W -pair production can be treated in the DPA. In regions of phase space where two ← resonant W bosons do not dominate the cross sections, such as in the W W -threshold region or in the single-W domain, the DPA is, of course, not valid and one should resort to other approximations as the Weizsäcker-Williams for single-W .

Since only diagrams with two nearly resonant W bosons are relevant for the DPA, the number of graphs is reduced considerably, and a generic treatment of all four-fermion final states is possible. Obviously all diagrams that appear for the pair production and the decay of on-shell W bosons are also relevant for the pole expansion in the DPA. Since such contributions involve a product of two independent Breit–Wigner factors for the W resonances, they are called factorizable corrections. However, there exist also doubly-resonant corrections in which the production and decay sub-processes do not proceed ← independently. Power counting reveals that such corrections are only doubly-resonant if the particle that is exchanged by the sub-processes is a low-energetic photon. Owing to the complicated off-shell behaviour of these corrections, they are called non-factorizable.

While the definition of the DPA is straightforward for the virtual corrections, it is problematic for the real corrections. The problem is due to the momentum carried away by photon radiation. The ↓ invariant masses of the W bosons in contributions in which the photon is emitted in the W -pair production subprocess differ from those where the photon is emitted in the W -decay sub-processes. The corresponding Breit–Wigner resonances overlap if the energy of the emitted photon is of the order of ↑ Γ_W. It is not obvious how to define the DPA for such photons. Therefore, the results based on a DPA for the real corrections have to be treated with some caution.

According to the above classification, there are four categories of contributions to O(α) corrections in DPA: factorizable and non-factorizable ones both for virtual and real corrections. In the following the salient features of those four parts are described.

Comment Sasha and Wim: we have moved the last but one paragraph to the next subsection and we have removed the last paragraph in order to avoid repetitions ←

4.01 Virtual corrections As a first step we discuss how to separate the virtual corrections into a sum of factorizable and nonfactorizable virtual corrections. The diagrammatic split-up according to reducible and irreducible W - boson lines is an illustrative way of understanding the different nature of the two classes of corrections, but since the double-resonant diagrams are not gauge-invariant by themselves the precise split-up needs to be defined properly.

We can make use of the fact that there are effectively two scales in the problem: M_W and Γ_W . Let us now consider virtual corrections coming from photons with different energies:

• soft photons, E_γ ≪ Γ_W , • semi-soft photons, E_γ = O(Γ_W ), • hard photons, Γ_W ≪ E_γ = O(M_W ).

Only soft and semi-soft photons contribute to both factorizable and non-factorizable corrections. The latter being defined to describe interactions between different stages of the off-shell process. The reason for this is that only these photons can induce relatively long-range interactions and thereby allow the various sub-processes, which are separated by a propagation interval of O(1/Γ_W ), to communicate with each other. Virtual corrections involving the exchange of hard photons or of massive particles contribute ← exclusively to the factorizable corrections. In view of the short range of the interactions induced by these particles, their contribution to the non-factorizable corrections are suppressed by at least O(Γ_W /M_W ).

As hard photons contribute to the factorizable corrections only, we merely need to define a splitup for soft and semi-soft photons. It is impossible to do this in a consistent gauge-invariant way on the basis of diagrams. In Refs. [28, 17] it was shown that only part of particular diagrams should be ← attributed to the non-factorizable corrections, the rest being of factorizable nature. The complete set of non-factorizable corrections was obtained by collecting all terms that contain the ratios D_i/[D_i ± 2kp_i], where k denotes the momentum of the (semi-)soft photon. The so-defined non-factorizable corrections read [28] ←

M^{virt}_{nf} = iM^0_{DPA} ∫ d^4k (2π)^4[k^2 + io] [ (J^μ_0 + J^μ_⊕ )J_{+, μ} + (J^μ_0 + J^μ_⊖ )J_{−, μ} + J^μ_+ J_{−, μ} ] , (14)

which contains the gauge-invariant currents

J^μ_0 = e [ p^μ_1 kp_1 + io + p^μ_2 −kp_2 + io ] , γ W

W

W

W

Fig. 3: The Coulomb graph, contributing to both factorizable and non-factorizable corrections.

J^μ_⊕ = − e [ q^μ_1 kq_1 + io − q^μ_2 kq_2 + io ] , J^μ_⊖ = + e [ q^μ_1 −kq_1 + io − q^μ_2 −kq_2 + io ] (15)

for photon emission from the production stage of the process, and

J^μ_+ = − e [ p^μ_1 kp_1 + io + Q_{f1} k^μ_1 kk_1 + io − Q_f ′_1 k^′_1^μ kk^′_1 + io ] D_1 D_1 + 2kp_1 ,

J^μ_− = − e [ p^μ_2 −kp_2 + io + Q_{f2} k^μ_2 −kk_2 + io − Q_f ′_2 k^′_2^μ −kk^′_2 + io ] D_2 D_2 − 2kp_2

(16)

for photon emission from the decay stages of the process. Here M^0_{DPA} is the lowest-order matrix element in DPA and Q_f stands for the charge of fermion f in units of e. Since Eq. (14) contains (at least) ↓ all contributions from diagrams with irreducible W -boson lines, it can be viewed as a gauge-invariant extension of the set of W -irreducible diagrams. In general one has to calculate all of the integrals appearing in the above expressions (see Ref. [39]b for a complete set). However, if one is interested in the sum of virtual corrections and real-photon radiation, then some simplifications occur depending on the treatment of the photon. ↑ ↓ If the radiated (real) photon is treated inclusively, then many of the terms in Eq. (14) cancel. In this context the difference in the signs of the io parts appearing in the currents J_⊖ and J_⊕ are crucial. These signs actually determine which interference terms give rise to a non-vanishing non-factorizable contribution after virtual and real-photon corrections have been added. As a result of such considerations only a very limited subset of ‘final-state’ interferences survives for inclusive photons: the virtual corrections corresponding to Figs. 2 and 3 as well as the associated real-photon corrections. The sum of virtual and real non-factorizable corrections has been calculated in Refs. [105, 16, 17]^3. It has been shown in Ref. [19] that this sum vanishes if the invariant masses of both W bosons are integrated over, i.e. in particular that the full non-factorizable correction to the total cross section is zero in DPA. ← Comment Sasha and Wim: we have removed the comments about the numerical results. They should go to the numerical discussion. ← The virtual factorizable corrections consist of all hard contributions and the left-over part of the semi-soft ones. The so-defined factorizable corrections have the nice feature that they can be expressed in terms of corrections to on-shell sub-processes, i.e. the production of two on-shell W bosons and their subsequent on-shell decays. The corresponding matrix element can be expressed in the same way as described at lowest-order:

M^{virt}_{fact} = ∑ λ_1,λ_2

Π_{λ1λ2} (M_1, M_2)

Δ^{(+)}_{λ1} (M_1) D_1

Δ^{(−)}_{λ2} (M_2) D_2

. (17)

Here two of the amplitudes are taken at lowest order, whereas the remaining one contains all possible one-loop contributions, including the W wave-function factors that appear in Eq. (1). In this way the

3The original result of the older calculation [105] does not agree with the two more recent results [16, 17], which are in mutual agreement. As known from the authors of Ref. [105], their corrected results also agree with the ones of Refs. [16, 17].

well-known on-shell radiative corrections to the production and decay of pairs of W bosons [36]–[37] appear as basic building blocks of the factorizable corrections.^4 In the semi-soft limit the photonic virtual footnote changed ← factorizable corrections to the production stage, contained in Π, cancel against the corresponding realphoton corrections. Non-vanishing contributions from Π occur as soon as the k^2 terms in the propagators cannot be neglected anymore. An example of this is the factorizable correction from the Coulomb graph Fig. 3. For the on-shell (factorizable) part of the Coulomb effect photons with momenta k_0 = O(ΔE) and |⃗k| = O( √ M_W ΔE ) are important [40], i.e. k^2 cannot be neglected in the propagators of the unstable particles. Since we stay well away from the W -pair threshold (ΔE ≡ √ s − 2M_W ≫ Γ_W ), this situation occurs outside the realm of the semi-soft photons. This fits nicely into the picture of the production stage being a hard subprocess, governed by relatively short time scales as compared with the much longer time scales required for the non-factorizable corrections, which interconnect the different sub-processes.

4.02 Real-photon radiation In this subsection we discuss the aspects of real-photon radiation in the DPA as used in [28]. To this end ← we consider the process

e^+(q_1) e^−(q_2) → W^+(p_1) W^−(p_2) [γ(k)] → f̄_1(k_1)f^′_1(k^′_1) f_2(k_2)f̄^′_2(k^′_2) γ(k), (18)

where in the intermediate state there may or may not be a photon. We will show how to extract the gauge-invariant double-pole residues in different situations. The exact cross-section for process (18) can be written in the following form dσ = 1 2s |M_γ |^2dΓ_{4fγ} = 1 2s [ 2Re ( M_0M^∗_+ +M_0M^∗_− +M_+M^∗_− ) +|M_0|^2 +|M_+|^2 +|M_−|^2 ] dΓ_{4fγ} ,

(19) where dΓ_{4fγ} indicates the complete five-particle phase-space factor, and the matrix elements M_0 and M_± correspond to the diagrams where the photon is attached to the production or decay stage of the three W -pair diagrams, respectively. This split-up can be achieved with the help of the partial-fraction decomposition [13] ← 1 D_i(D_i + 2pk) = 1 2pk ( 1 D_i − 1 D_i + 2pk ) . (20)

Each contribution to the cross-section can be written in terms of polarization density matrices, which originate from the amplitudes

M_0 = Π_γ (M_1, M_2)

Δ^{(+)}(M_1) D_1

Δ^{(−)}(M_2) D_2

, (21)

M_+ = Π(M_{1γ} , M_2)

Δ^{(+)}_γ (M_{1γ} ) D_{1γ} Δ^{(−)}(M_2) D_2

, (22)

M_− = Π(M_1, M_{2γ} )

Δ^{(+)}(M_1) D_1

Δ^{(−)}_γ (M_{2γ} ) D_{2γ} , (23)

where all polarization indices for the W bosons and the photon have been suppressed, and

D_{iγ} = D_i + 2kk_i + 2kk^′_i, M^2_{iγ} = M^2_i + 2kk_i + 2kk^′_i, M^2_i = (k_i + k^′_i)^2. (24)

4Note that the complete density matrix is required in this case, in contrast to the pure on-shell calculation which involves the diagonal elements of the density matrix only.

The matrix elements Π_γ and Δ^{(±)}_γ describe the production and decay of the W bosons accompanied by the radiation of a photon. The matrix elements without subscript γ have been introduced in Eq. (4).

In the calculation of the Born matrix element and virtual corrections only two poles could be identified in the amplitudes, originating from the Breit–Wigner propagators 1/D_i. The pole-scheme expansion was performed around these two poles. In contrast, the bremsstrahlung matrix element has four in general different poles, originating from the four Breit–Wigner propagators 1/D_i and 1/D_{iγ} . As mentioned above, the matrix element can be rewritten as a sum of three matrix elements (M_0, M_+, M_−), each of which only contain two Breit–Wigner propagators. For these three individual matrix elements the pole-scheme expansion is fixed, as before, to an expansion around the corresponding two poles. However, when calculating cross-sections [see Eq. (19)] the mapping of the five-particle phase space introduces a new type of ambiguity. The interference terms in Eq. (19) involve two different double-pole expansions simultaneously. One might think this will pose a problem, since there is no natural choice for the phase- ↓ space mapping in those cases. As we will see later, however, only photons with E_γ <∼ Γ_W ≪ M_W give noticeable contributions to these interference terms. This means that one can apply a soft-photon-like approximation (see below). In Ref. [28] it was argued that the resulting ambiguity in the phase-space mapping will not have significant repercussions on the quality of the DPA calculation, in the same way as stable-particle calculations are not significantly affected by the photon momentum in the soft-photon regime. We note, however, that there is still some controversy on this issue. ↑ Comment Ansgar: The proof in Ref. [28] holds for instance not for the photon spectrum in the semi-soft photon region ← Comment Sasha and Wim: we think it does hold, just like in any soft approximation. This is the above-mentioned controversy. ← Let us return now to the three earlier-defined regimes for the photon energy:

• for hard photons [E_γ ≫ Γ_W ] the Breit–Wigner poles of the W-boson resonances before and after photon radiation are well separated in phase space (see M^2_{iγ} and M^2_i defined above). As a result, the interference terms in Eq. (19) can be neglected. This leads to three distinct regions of onshell contributions, where the photon can be assigned unambiguously to the W-pair-production subprocess or to one of the two decays. This assignment is determined by the pair of invariant masses (out of M^2_i and M^2_{iγ} ) that is in the M^2_W region. Therefore, the double-pole residue can be expressed as the sum of the three on-shell contributions without increasing the intrinsic error of the DPA. Note that in the same way it is also possible to assign the photon to one of the sub-processes, ← since misassignment errors are suppressed, assuming for convenience that all final-state momenta can ideally be measured.

• for semi-soft photons [E_γ = O(Γ_W )] the Breit–Wigner poles are relatively close together in phase space, resulting in a substantial overlap of the line shapes. The assignment of the photon is now subject to larger errors. Moreover, since the interference terms in Eq. (19) cannot be neglected, a proper prescription for calculating the DPA residues (i.e. the phase-space mapping) is required [28].

• for soft photons [E_γ ≪ Γ_W ] the Breit–Wigner poles are on top of each other, resulting in a polescheme expansion that is identical to the one without the photon.

Let us first consider the hard-photon regime in more detail. Due to the fact that the poles are well separated in the hard-photon regime, it is clear that the interference terms are suppressed and can be neglected: dσ = 1 2s [ |M_0|^2 + |M_+|^2 + |M_−|^2 ] dΓ_{4fγ} . (25)

Note that each of the three terms has two poles, originating from two resonant propagators. However, these poles are different for different terms. The phase-space factor can be rewritten in three equivalent ways. The first is dΓ_{4fγ} = dΓ^γ_0 = dΓ^γ_{pr} · dΓ^+_{dec} · dΓ^−_{dec} · dM^2_1 2π · dM^2_2 2π , (26)

with dΓ^γ_{pr} = 1 (2π)^2 δ(q_1 + q_2 − p_1 − p_2 − k) d⃗p_1 2p_{10} d⃗p_2 2p_{20} d⃗k (2π)^32k_0

. (27)

The two others are dΓ_{4fγ} = dΓ^γ_+ = dΓ_{pr} · dΓ^{+γ}_{dec} · dΓ^−_{dec} · dM^2_{1γ} 2π · dM^2_2 2π , (28)

with dΓ^{+γ}_{dec} = 1 (2π)^2 δ(p_1 − k_1 − k^′_1 − k) d⃗k_1 2k_{10} d⃗k^′_1 2k^′_{10} d⃗k (2π)^32k_0

, (29)

and a similar expression for dΓ^γ_−. The phase-space factors dΓ_{pr} and dΓ^±_{dec} are just the lowest-order ones. The cross-section can then be written in the following equivalent form dσ = 1 2s [ |M_0|^2 dΓ^γ_0 + |M_+|^2 dΓ^γ_+ + |M_−|^2 dΓ^γ_− ] . (30)

In order to extract gauge-invariant quantities, the DPA limit should be taken. This amounts to taking the limit p^2_{1,2} → M^2_W , using a particular prescription for mapping the full off-shell phase space on the kinematically restricted on-resonance one. Note however that p_{1,2} can be different according to the δfunctions in the decay parts of the different phase-space factors. To be specific, the production term |M_0|^2 has poles at p^2_i = M^2_i = M^2_W , |M_+|^2 has poles at p^2_1 = M^2_{1γ} = M^2_W and p^2 = M^2_2 = M^2_W , and |M_−|^2 has poles at p^2_1 = M^2_1 = M^2_W and p^2 = M^2_{2γ} = M^2_W .

We complete our survey of the different photon-energy regimes by considering semi-soft and soft photons. The split-up of factorizable and non-factorizable real-photon corrections proceeds in the same way as described in the previous subsection for virtual corrections. The result reads in semi-soft approximation dσ = 1 2s |M_γ |^2dΓ_{4fγ} ≈ − dσ^0_{DPA} d⃗k (2π)^32k_0 [ 2Re ( I^μ_0 I^∗_{+, μ} +I^μ_0 I^∗_{−, μ} +I^μ_+I^∗_{−, μ} ) +|I^2_0 |+|I^2_+|+|I^2_−| ] . (31) The gauge-invariant currents I_0 and I_± are given by

I^μ_0 = e [ p^μ_1 kp_1 − p^μ_2 kp_2 − q^μ_1 kq_1 + q^μ_2 kq_2 ] ,

I^μ_+ = − e [ p^μ_1 kp_1 + Q_{f1} k^μ_1 kk_1 − Q_f ′_1 k^′_1^μ kk^′_1 ] D_1 D_1 + 2kp_1 ,

I^μ_− = + e [ p^μ_2 kp_2 + Q_{f2} k^μ_2 kk_2 − Q_f ′_2 k^′_2^μ kk^′_2 ] D_2 D_2 + 2kp_2

. (32)

The first three interference terms in Eq. (31) correspond to the real non-factorizable corrections. The last three squared terms in Eq. (31) belong to the factorizable real-photon corrections. They constitute the semi-soft limit of Eq. (30). ↓

4.1 A hybrid scheme – virtual corrections in DPA and real corrections from full matrix elements The reliability of the error estimate of (α/π) × (Γ_W/M_W ) × log(· · ·) <∼ 0.5% for the accuracy of the DPA can, of course, only be controlled by a comparison to calculations that are based on the full matrix elements. While for the virtual corrections such results do not exist yet, the situation for the real corrections is much better, since full matrix-element calculations for the processes e^+e^− → 4fγ are available [5, 6, 111]. The latter results seem to be of particular importance, because the above error estimate for real corrections in DPA is subject of some controversy.

Although it deserves some care, it is possible to combine the virtual O(α) corrections in DPA with real corrections from the full e^+e^− → 4fγ lowest-order matrix elements. The non-trivial point in this combination lies in the relations of IR and mass singularities in virtual and real corrections. The singularities have the form of a universal radiator function multiplied or convoluted with the respective lowest-order matrix element M_0 of the non-radiative process. Since M_0 appears in DPA for the virtual correction (M^{DPA}_0 ), but as full matrix element for the real ones, a simple summation of virtual and real corrections would lead to a mismatch in the singularity structure and eventually to totally wrong results. A solution of this problem is to extract those singular parts from the real photon contribution which exactly match the singular parts of the virtual photon contribution, then to replace the full |M^0|^2 by |M^D_0 P A|^2 in these terms and finally to add this modified part to the virtual corrections. This modification is allowed in the range of validity of the DPA and leads to a proper matching of all IR and mass singularities. The described approach for such a hybrid DPA scheme is followed in the RACOONWW program [176, 18]. More details of this approach can also be found in Section ??. complete ref.

A particular advantage of this method is due to the fact that the leading ISR logarithms, which are part of the extracted singularities of the real corrections, can be easily kept with the full matrix element M_0 (see [18] for details). In this way, the logarithmic enhancement factor log(. . .) does not involve large contributions from the electron mass.

Comment Sasha and Wim: we have removed the last paragraph in order to avoid too many repetitions ↑

4.2 Intrinsic ambiguities and reliability of the double-pole approximation A naive estimate for the intrinsic uncertainty of the DPA is given by (α/π) × (Γ_W/M_W ) × log(· · ·) <∼ 0.5%, which accounts for the relative size of the neglected corrections to background diagrams, including possible logarithmic enhancements. However, this estimate can fail whenever small scales play an essential role in the cross section. As mentioned above, this is definitely the case near the W -pair threshold and in the single-W region.

Whether the naive estimate is reliable for the emission of semi-soft photons, where E_γ ∼ Γ_W, is not clear a priori. Only a detailed numerical comparison between the DPA and the exact calculation of 4f + γ production can answer this question. Note that this issue is also closely related to the impact of non-factorizable corrections, since the definition of real non-factorizable corrections implicitly assumes a treatment of 4f+γ production in DPA. Thus, the question about the size of non-factorizable corrections should always be discussed in connection with the more general question about the quality of treating photon radiation within DPA.

An improved assessment of the theoretical uncertainty can be obtained by varying predictions within the intrinsic freedom of the followed approach for the DPA. For instance, any kind of DPA makes use of an on-shell projection of the off-shell four-fermion phase space to the phase space with on-shell W bosons. The difference between different on-shell projections is part of the theoretical uncertainty of the DPA approach and should be considered in predictions.

Besides the matrix element, the DPA can also be applied to the phase space. While this further approximation is not needed in a generator, it is useful in a semi-analytic approach. Moreover, it can help to assess the intrinsic ambiguity of the DPA.

It is a fact of life that questions of principle are sometimes of scarce practical relevance. CC03 contains gauge-invariance-breaking terms but what is their numerical impact at LEP 2 energies? It is quite a known fact that, when computed in the ’t Hooft-Feynman gauge, they are unimportant. At least they are for the W W total cross-section – the signal – and we can verify this statement by comparing the gauge-dependent CC03 with the full gauge-invariant cross-section (CC11 for instance) including background diagrams. There is a general agreement, dating from the ’95 workshop that the difference is less than 0.2% at LEP 2 energies.

It is bizarre that one can render the Born CC03 diagrams gauge-invariant at the prize of large numerical variations; it is enough to project the kinematics in the matrix elements onto the on-shell ← phase space, while keeping the off-shellness in the Breit-Wigner propagators. However, this changes the cross-section by several per cent! At the Born level, therefore, one can accept a non-gauge-invariant CC03 cross-section (at least in the ’t Hooft-Feynman gauge) as a reasonable quantity at LEP 2 energies. For higher energies one should be more careful.

The same phenomenon will occur when we include radiative corrections and we would like to add some comment on the DPA procedure, in particular on the arbitrariness introduced by projecting the kinematics.

For high enough energies, any process e^+e^− → V V will be a dominant source of fermion pairs due to the double resonant enhancement and hence CC03(NC02) will be a good approximation to the ← total cross-section for four-fermion production.

Comment Ansgar: This is only correct for appropriate cuts (which exclude for instance single W production) ← Thus, for example, to calculate the cross-section e^+e^− → V V one proceeds as described above;

one calculates the matrix element for e^+e^− → V V → 4f and extracts the part resonant in the invariant ← masses of the pairs, k^2_+, k^2_−. The general matrix element takes the form M (. . . , k_+, k_−, . . .) = ∑ i M_i (. . . , k_+, k_−, . . .) A_i ( . . . , k^2_+, k^2_− ) , (33)

where the M_i contain the spinor and Lorentz tensor structure of the matrix element, e.g. they have the external fermionic wave-functions attached. The A_i are Lorentz scalars that depends on the invariants of the problem and become non-trivial and difficult to compute when higher order corrections are included. One way of looking at the DPA-procedure is to say that the resonant part is extracted from the A_i, by Laurent expansion. The external particle wave functions should not be affected by the process hence the kinematics of the problem should be left unchanged because the final state integrations involve only the fermions, stable on-shell particles. The gauge nature of the theory is intimately connected with the A_i not with kinematics. This is hardly a surprise, even in Born CC03 two calculations performed in two different gauges differ by single resonant terms.

Comment Ansgar: I would omit the preceeding paragraph. None of the actual implementations of the DPA is done in this way. Moreover, I can give examples where the splitting into M_i and A_i with a pole approximation for the A_i can introduce unitarity violating terms. ← Comment Sasha and Wim: we agree on Ansgar’s comment, in fact we propose to remove the whole subsection. The first four paragraphs are yet again a repetition. Moreover, the use of DPA at Born level (CC03) is numerically not recommendable. One should instead use the pole-scheme to its full extent, i.e. the full expansion. ←

4.21 Remarks on DPA corrections to distributions inclusive w.r.t. photons ← ← The DPA corrections to distributions that are inclusive w.r.t. photons depend in a very sensitive way on how the four-particle phase space is parametrized, or, in other words, on the way the distributions are defined after the photon has been integrated out. This statement sounds obvious, but nevertheless deserves some special attention.

In particular the invariant-mass distributions (W line shapes) are affected. In reactions with two resonances the invariant masses have to be defined from the decay products. Depending on the precise e^+ e^− p+k V p V γ k

Fig. 4: Photon radiation from an unstable particle V . Virtualities: s_V = p^2 and s^′_V = (p + k)^2.

definition of the invariant masses different sources of large Breit–Wigner distortions can be identified [41, 42, 176], in contrast to the situation at LEP1 where only initial-state radiation (ISR) can cause such ← distortions.

In Ref. [41] it has been shown that also final-state radiation (FSR) can induce distortions. This is ← a general property of resonance-pair reactions, irrespective of the adopted scheme for implementing the finite-width effects. The only decisive factor for the distortion to take place is whether the virtuality of the unstable particle is defined with (s^′_V ) or without (s_V ) the radiated photon (see Fig. 4). Upon integration over the photon momentum, the former definition (cf M^2_{iγ} defined in Sec. 4.02) is free of large FSR effects from the V -decay system. It can only receive large corrections from the other (production or decay) stages of the process. The latter definition (cf M^2_i defined in Sec. 4.02), however, does give rise to large FSR effects from the V-decay system. In contrast to the LEP1 case, where the ISR-corrected line shape receives contributions from effectively lower Z-boson virtualities, the s_V line shape receives contributions from effectively higher virtualities s^′_V of the unstable particle. As was argued above, only sufficiently hard photons (E_γ ≫ Γ_V ) can be properly assigned to one of the on-shell production or decay stages of the process in the DPA. For semi-soft photons [E_γ = O(Γ_V )], however, the assignment lacks a solid motivation and it may happen, e.g. for final-state muons, that the invariant-mass definition ← in terms of the decay products without the photon is more natural. As was pointed out in Ref. [41], ← exactly these semi-soft photons are responsible for the FSR-induced distortion effects. The hard FSR photons move the virtuality s^′_V of the unstable particle far off resonance for near-resonance s_V values, resulting in a suppressed contribution to the s_V line shape. This picture fits in nicely with the negligible overlap of the three on-shell double-pole contributions for hard photons, discussed above. The reason why the FSR distortions can be rather large lies in the fact that the final-state collinear singularities [∝^α_π Q^2_f log(m^2_f /M^2_V ) log(Γ_V /M_V )] do not vanish, even not for fully inclusive photons. After all, a fixed value of s_V makes it impossible to sum over all degenerate final states by a mere integration over the photon momentum. So the KLN theorem does not apply in this case. These FSR distortion effects ↓ result in shifts in the measurement of the W -boson mass of the order of 20 MeV, as has been qualitatively confirmed in Ref. [42].

This situation changes for event-selection procedures in which not all photons can be separated from the charged fermions (as is the case for final-state e^±). If photon recombination has to be taken into account, i.e. if photons within a finite cone around the charged fermions have to be combined with the corresponding fermion into a single pseudo particle, the mentioned mass singularities connected to final-state fermions disappear. The KLN theorem applies and the large fermion-mass logarithms are effectively replaced by logarithms depending on the cone size [41]. In Ref. [42] this expectation has been confirmed numerically, showing that the large negative shifts in the peak position of the W invariantmass distribution obtained without photon recombination are reduced. In Ref. [176] it has been shown that the effect of photon recombination can even overcompensate the momentum loss from FSR if the recombination is very inclusive. This is due to the recombination of photons that are radiated off the initial state or off particles belonging to the other decaying W boson. The resulting positive peak shifts can amount to several 10 MeV. Explicit numerical results on W invariant-mass distributions can also be found in Section ??. complete ref. ↑

When considering pure angular inclusive-photon distributions, one should integrate over the photon phase space and the invariant masses M^2_i . After integrating out both invariant masses the nonfactorizable corrections will vanish, which is a typical feature of the non-factorizable interference effects [34].

4.3 Double-pole approximations in practice For LEP 2 energies three different groups^5 have formulated versions of a DPA for e^+e^− → WW → 4f(+γ). While Beenakker, Berends and Chapovsky [22], called BBC in the following, formulated a semi-analytic DPA, the other two groups implemented variants of the DPA in the event generators

YFSWW [23, 24] and RacoonWW [18, 176]. The basic features of these different implementations are

summarized in the following.

4.31 The YFSWW approach

YFSWW: O(α) correction to e^+e^− → W^+W^−, leading-log corrections to W decays via PHOTOS and

branching ratios, YFS exponentiation for ISR and photon emission from W -bosons, off-shell Coulomb singularity, no non-factorizable corrections, no W spin correlations

4.32 The BBC approach BBC: semi-analytical calculation of complete O(α) corrections in DPA (with both factorizable and nonfactorizable corrections and W spin correlations), no background. ← Comment Sasha and Wim: the Coulomb singularity is automatically included as part of the virtual corrections. It is not on-shell. Since the DPA is only valid well above threshold, the off-shell part of the Coulomb singularity is contained in the non-factorizable corrections. ←

4.33 The RacoonWW approach

RacoonWW treats the virtual O(α) corrections to e^+e^− → WW → 4f in DPA. No further approxi-

mations beyond the pole expansion of the matrix element are made, i.e. non-factorizable corrections are included, and W -spin correlations are respected. The off-shell Coulomb singularity is part of the virtual corrections. The real O(α) corrections are based on the full 4f+γ matrix element (of the CC11 class), so that the full kinematics is supported also for photon radiation. All matrix elements are based on massless fermions, and fermion masses are introduced only for collinear photon emission that is inclusive within a (small) finite cone for each fermion. Thus, a photon collinear to an outgoing fermion has to be recombined with the corresponding fermion, and a photon close to the beams has to be considered as invisible. Initial-state radiation beyond O(α) is treated in the structure-function approach, including soft-photon exponentiation and leading-log contributions in O(α^2).

5. The fermion-loop and non-local approaches As was mentioned above, the alternative to subtracting sub-leading gauge-violating terms is to add gauge-restoring terms to the calculation. In order to do this, one has to add to the amplitude those terms that are needed for satisfying the Ward identities. This is not easy to do in general. The following observation helps. The very fact that the perturbative amplitudes require re-summation of the self-energies indicates that either the perturbative expansion parameter (coupling constant) is not the proper one, or alternatively that the quantity that is expanded (i.e. the lowest-order Lagrangian of the Standard Model) is not the best choice. This observation leads one to consider first the one-loop corrected effective potential of the Standard Model before doing Born calculations, in order to avoid Dyson re-summation of the self-energies.

5Another DPA has been discussed in Ref. [21] for linear-collider energies.

For the discussion of the fermion-loop and non-local approaches it is therefore worthwhile to first have a closer look at the origin of the gauge-invariance problem associated with the re-summation of self-energies. To this end we consider the simple example of an unbroken non-abelian SU(N) gauge theory with fermions and subsequently integrate out these fermions.

First we fix the notations and introduce some conventions. The SU(N) generators in the fundamental representation are denoted by T^a with a = 1, · · · , N^2 − 1. They are normalized according to Tr (T^aT^b) = δ^{ab}/2 and obey the commutation relation [ T^a, T^b ] = if^{abc} T^c. In the adjoint representation the generators F^a are given by (F^a)^{bc} = −if^{abc}. The Lagrangian of the unbroken SU(N) gauge theory with fermions can be written as L(x) = − 1 2 Tr [ F_{μν} (x) F^{μν} (x) ] + ψ̄(x) (i D/ − m) ψ(x), (34) with F_{μν} ≡ T^aF^a_{μν} = i g [D_μ, D_ν ], D_μ = ∂_μ − ig T^aA^a_μ ≡ ∂_μ − igA_μ. (35)

Here ψ is a fermionic N-plet in the fundamental representation of SU(N) and A^a_μ are the (N^2 −1) nonabelian SU(N) gauge fields, which form a multiplet in the adjoint representation. The Lagrangian (34) is invariant under the SU(N) gauge transformations ψ(x) → ψ^′(x) = G(x) ψ(x), A_μ(x) → A^′_μ(x) = G(x) A_μ(x) G^{−1}(x) + i g G(x) [ ∂_μG^{−1}(x) ] , (36)

with the SU(N) group element defined as G(x) = exp[ig T^aθ^a(x)]. The covariant derivative D_μ and field strength F_{μν} both transform in the adjoint representation

D_μ → G(x) D_μ G^{−1}(x), F_{μν} (x) → G(x) F_{μν} (x) G^{−1}(x). (37)

Since the Lagrangian is quadratic in the fermion fields, one can integrate them out exactly in the functional integral. The resulting effective action is then given by

i S_{eff}[J] = i ∫ d^4x { − 1 2 Tr [ F_{μν} (x) F^{μν} (x) ] + J^a_μ (x) A^{a, μ}(x) } + Tr [ ln(− D/ − i m) ] , (38)

with J^a_μ (x) denoting the gauge-field sources. The trace on the right-hand side has to be taken in group, spinor, and coordinate space. As a next step one can expand the effective action in terms of the coupling constant Tr [ ln(− D/ − i m) ] = Tr [ ln(− ∂/ − i m) ] + Tr [ ln ( 1 + g i ∂/ − m A/ )]

= Tr [ ln(− ∂/ − i m) ] + ∞∑ n=1 (−1)^{n−1} n Tr [( g i ∂/ − m A/ )_n] . (39)

Note that the left-hand side of Eq. (39) is gauge-invariant as a result of the trace-log operation. In contrast, the separate terms of the expansion on the right-hand side are not gauge-invariant. This is due to the fact that, unlike in the abelian case, the non-abelian gauge transformation (36) mixes different powers of the gauge field A_μ in Eq. (39). Thus, if one truncates the series on the right-hand side of Eq. (39) one will in general break gauge invariance. From Eq. (39) it is also clear that the fermionic part of the effective action induces higher-order interactions between the gauge bosons.

What are these higher-order interactions? Let us consider the quadratic gauge-field contribution − 1 2 Tr [( g i ∂/ − m A/ )_2] = − 1 2 ∫ d^4x d^4y Tr [ O(x, y) O(y, x) ] , (40)

where O(x, y) = g S^{(0)}_F (x − y) A/(y) (41)

and i S^{(0)}_F (x − y) = < 0 | T (ψ(x) ψ̄(y)) | 0 >_{free} is the free fermion propagator. The trace on the righthand side of Eq. (40) has to be taken in group and spinor space. A quick glance at this quadratic gaugefield contribution reveals that it is just the one-loop self-energy of the gauge boson induced by a fermion loop. In the same way, the higher-order terms ∼ g^nA^n in Eq. (39) are just the fermion-loop contributions to the n-point gauge-boson vertices.

One can truncate the expansion in Eq. (39) at n = 2, thus taking into account only the gauge-boson self-energy term and neglecting the fermion-loop contributions to the higher-point gauge-boson vertices. This is evidently the simplest procedure for performing the Dyson re-summation of the fermion-loop selfenergies. However, as was pointed out above, truncation of Eq. (39) at any finite order in g in general breaks gauge invariance. This leads to the important observation that, although the re-summed fermionloop self-energies are gauge-independent by themselves, the re-summation is nevertheless responsible for gauge-breaking effects in the higher-point gauge-boson interactions through its inherent mixed-order nature. Another way of understanding this is provided by the gauge-boson Ward identities. Since the once-contracted n-point gauge-boson vertex can be expressed in terms of (n − 1)-point vertices, it is clear that gauge invariance is violated if the self-energies are re-summed without adding the necessary compensating terms to the higher-point vertices.

An alternative is to keep all the terms in Eq. (39). Then the matrix elements derived from the effective action will be gauge-invariant. Keeping all the terms means that we will have to take into account not only the fermion-loop self-energy in the propagator, but also all the possible fermion-loop contributions to the higher-point gauge-boson vertices. This is exactly the prescription of the fermion-loop scheme (FLS) [26, 29, 30, 31]. Although the FLS guarantees gauge invariance of the matrix elements, it has disadvantages as well. Its general applicability is limited to those situations where non-fermionic particles can effectively be discarded in the self-energies, as is for instance the case for Γ_W and Γ_Z at lowest order. Another disadvantage is that in the FLS one is forced to do the loop calculations, even when calculating lowest-order quantities. For example, the calculation of the tree-level matrix element for the process e^+e^− → 4fγ involves a four-point gauge-boson interaction, which has to be corrected by fermion loops in the FLS. This overcomplicates an otherwise lowest-order calculation.

It is clear that the FLS provides more than we actually need. It does not only provide gauge invariance for the Dyson re-summed matrix elements at a given order in the coupling constant, but it also takes into account all fermion-loop corrections at that given order. In the vicinity of unstable particle resonances the imaginary parts of the fermion-loop self-energies are effectively enhanced by O(1/g^2) with respect to the other fermion-loop corrections. Therefore, what is really needed is only a minimal subset of the non-enhanced contributions such that gauge invariance is restored. In a sense one is looking for a minimal solution of a system of Ward identities. The FLS provides a solution, but this solution is far from minimal and is only practical for particles that decay exclusively into fermions. Since the decay of unstable particles is a physical phenomenon, it seems likely that there exists a simpler and more natural method for constructing a solution to a system of Ward identities, without an explicit reference to fermions. This is precisely the philosophy behind the non-local approach [32]. This approach consists in using gauge-invariant non-local effective Lagrangians for generating both the self-energy effects in the propagators and the required gauge-restoring terms in the higher-point interactions. In this way the full set of Ward identities can be solved, while keeping the gauge-restoring terms to a minimum.

5.1 The fermion-loop scheme The Fermion-Loop scheme developed in [26] and refined in [30] makes the approximation of neglecting all masses for the incoming and outgoing fermions in the processes e^+e^− → n fermions.

It is possible, however, to give the construction of a complete, massive-massive, Fermion-Loop scheme (MFL), i.e., a scheme for

Comment Ansgar: What means “massive-massive”? ← incorporating the finite-width effects in the theoretical predictions for tree-level, LEP 2 and beyond, processes [43].

One can work in the ’t Hooft-Feynman gauge and create all relevant building blocks, namely the vector-vector, vector-scalar and scalar-scalar transitions of the theory, all of them one-loop re-summed. The loops, entering the scheme, contain fermions and, as done before in [30], we allow for a nonzero top quark mass inside loops. There is a very simple relation between re-summed transitions and running parameters, since Dyson re-summation is most easily expressed in terms of running couplings and running mixing angles. ← ← In the MFL generalization, it is particularly convenient to introduce additional running quantities.

They are the running masses of the vector bosons, M^2_0 (p^2) = M^2(p^2)/c^2(p^2), formally connected to the location of the W and Z complex poles. After introducing these running masses, it is straightforward to prove that all S-matrix elements of the theory assume a very simple structure. Coupling constants, mixing angles and masses are promoted to running quantities and the S-matrix elements retain their ← Born-like structure, with running parameters instead of bare ones, and vector-scalar or scalar-scalar transitions disappear if we employ unitary-gauge–like vector boson propagators where the masses appearing in the denominator of propagators are the running ones.

The renormalization of ultraviolet divergences can be easily extended to the MFL-scheme by showing that all ultraviolet divergent parts of the one-loop vertices, γW W, γW ϕ, γϕW and γϕϕ for instance, are proportional to the lowest order part. Therefore, the only combinations that appear are of the form 1/g^2 + V V V vertex or M^2/g^2 + V V ϕ vertex etc. All of them are, by construction, ultraviolet finite.

Equipped with this generalization of the Fermion-Loop scheme, one can prove the fully-massive U(1) Ward identity which is required for a correct treatment of the single-W processes. As a by-product ← of the method, the cross-section for single-W production automatically evaluates all channels at the right scale, without having to use ad hoc re-scalings and avoiding the approximation of a unique scale for all terms contributing to the cross-section.

The generalization of the Fermion-Loop scheme goes beyond its, most obvious, application to single-W processes and allows for a gauge invariant treatment of all e^+e^− → n fermion processes with a correct evaluation of the relevant scales. Therefore, the MFL-scheme can be applied to several other processes like e^+e^− → Zγ^∗ and, in general to all e^+e^− → 6 fermion processes, with the inclusion of top quarks.

Comment Sasha and Wim: the MFL does not apply to reactions involving the physical Higgs boson, right? ←

5.2 The non-local approach The main idea of the non-local approach is to rearrange the series on the right-hand side of Eq. (39) in such a way that each term becomes gauge-invariant by itself. Subsequent truncation of the series at a given term is then allowed. It is possible to approximate Eq. (39) by means of an effective Lagrangian in such a way that the resulting effective action has the following properties:

• it generates the Dyson re-summed transverse gauge-boson self-energy in the propagator. This means that it contributes to the gauge-boson two-point function. Hence, the effective lagrangian should depend at least on two gauge-boson fields.

• the Dyson re-summed self-energy is in general not a constant, but rather a function dependent on the interaction between the gauge-bosons and the fermions. This means that the effective Lagrangian should in general be non-local (bi-local) in the gauge fields. Thus the gauge fields should be taken at two different space–time points.

• it is gauge-invariant. As such the effective Lagrangian should have the form of an infinite tower of gauge fields.

For the gauging procedure of the non-local Lagrangians we will need a special ingredient, the pathordered exponential, which is defined as

U(x, y) = U^†(y, x) = P exp [ − ig y∫ x A_μ(ω) dω^μ ] (42)

Here dω^μ is the element of integration along some path Ω(x, y) that connects the points x and y^6. The so-defined path-ordered exponential transforms as

U(x, y) → G(x) U(x, y) G^{−1}(y) (43)

under the SU(N) gauge transformations. It hence carries the gauge transformation from one space-time point to the other.

For a SU(N) Yang–Mills theory the non-local action with the above-described properties takes the form

S_{NL} = − 1 2 ∫ d^4x d^4y Σ_{NL}(x − y) Tr [ U(y, x) F_{μν} (x) U(x, y) F^{μν} (y) ] ≡ ∫ d^4x d^4y L_{NL}(x, y), (44) with L_{NL}(x, y) the non-local effective Lagrangian. As required, the action contains bilinear gaugeboson interactions. The induced infinite tower of higher-point gauge-boson interactions, which are also of progressively higher order in the coupling constant g, is needed for restoring gauge invariance.

It is important to stress at this point that this term in the effective action should not be understood as a new fundamental interaction. It is generated by radiative corrections. From the point of view of general properties of non-local Lagrangians, the non-local coefficient Σ_{NL}(x − y) is arbitrary. In practice, however, it is fixed by the explicit interaction between the gauge-bosons and the fermions in the underlying fundamental theory. In our simple example this connection is given by Eq. (39).

Let us now derive the two-point function as an example of the Feynman rules generated by Eq. (44):

a_1, μ_1

q_1 a_2, μ_2

q_2

: i Σ^{a1 a2, μ1μ2} (x_1, x_2) = i δ^2(S_L + S_{NL}) δA^{a1}_{μ1} (x_1) δA^{a2}_{μ2} (x_2) | | | A=0 , (45)

where the local action S_L follows from the gauge-boson term in Eq. (34). The Fourier transform of this two-point function can be calculated in a straightforward way, since the path-ordered exponentials are effectively unity. The result reads

i Σ̃^{a1a2, μ1μ2} (q_1, q_2) = i δ^{a1 a2} ( q^μ_1 q^ν_1 − q^2_1 g^{μν} ) [ 1 + Σ̃_{NL}(q^2_1 ) ] (2π)^4 δ^{(4)}(q_1 + q_2). (46)

6In principle we are free to choose this particular path. This freedom is just one out of the many freedoms that characterize the treatment of unstable particles (as mentioned earlier). It just reflects the fact that in a perturbative expansion one is free to pick up additional higher-order contributions, since the answer at any given (truncated) order will not be changed by such additional terms

Note that this two-point interaction is transverse, as it should be for an unbroken theory. The nonlocal coefficient acts as a (dimensionless) correction to the transverse free gauge-boson propagator. So, exactly what is needed for the Dyson re-summation of the gauge-boson self-energies. The infinite tower of gauge-restoring higher-point gauge-boson interactions are provided by the gauge-boson fields present in both F_{μν} and the path-ordered exponential occurring in Eq. (44). For explicit Feynman rules we refer to Ref. [32].

Although the above-described non-local procedure provides a gauge-invariant framework for performing the Dyson re-summation of the gauge-boson self-energies, we want to stress that it is not unique. We have seen above that the FLS provides a different solution of the system of gauge-boson Ward identities. In the context of non-local effective Lagrangians it is always possible to add additional towers of gauge-boson interactions that start with three-point interactions and therefore do not influence the Dyson re-summation of the gauge-boson self-energies.

In the light of the discussion presented in Sect. 5., we rearrange the series on the right-hand side of Eq. (39) according to gauge-invariant towers of gauge-boson interactions labelled by the minimum number of gauge bosons that are involved in the non-local interaction. Effectively this constitutes an expansion in powers of the coupling constant g, since a higher minimum number of particles in the interaction is equivalent to a higher minimum order in g. In order to achieve minimality we have truncated this series at the lowest effective order. This should not be viewed as some ad hoc recipe, but rather as a systematic expansion of the effective potential.

Up to now we have seen how the non-local effective Lagrangian method works for unstable gauge bosons in a simple SU(N) gauge theory with fermions. In the Standard Model there are different types of unstable particles: the top-quark, the massive gauge-bosons, the Higgs boson. In Ref. [32] it was shown how to extend the above-described method in such a way that it allows the description of all the unstable particles in terms of bi-local effective Lagrangians.

References [1] M. Steinhauser, Phys. Lett. B429 (1998) 158. [2] S. Eidelman and F. Jegerlehner, Z. Phys. C67 (1995) 585. [3] B. Kniehl, Nucl. Phys. B347 (1990) 86.

[4] D. Bardin et al., Report on Event Generators for WW Physics in Vol.1, Report of the Workshop in Physics at LEP2, Altarelli, G. et al., eds., 1996, CERN-96-01.

[5] J. Fujimoto et al., Nucl. Phys. (Proc. Suppl.) 37B (94) 169;

F. Caravaglios and M. Moretti, Z. Phys. C74 (97) 291; F. Jegerlehner and K. Kolodziej, hep-ph/9907229.

[6] A. Denner, S. Dittmaier, M. Roth and D. Wackeroth, Nucl. Phys. B560 (99) 33.

[7] PVALPHA reference for e^+e^− → 4fγ complete [8] A. Aeppli, G.J. van Oldenborgh and D. Wyler, Nucl. Phys. B428 (94) 126. [9] M. Böhm et al., Nucl. Phys. B304 (88) 463.

[10] J. Fleischer, F. Jegerlehner and M. Zrałek, Z. Phys. C42 (89) 409. [11] D.Yu. Bardin, S. Riemann and T. Riemann, Z. Phys. C32 (86) 121;

F. Jegerlehner, Z. Phys. C32 (86) 425.

[12] A. Denner and T. Sack, Z. Phys. C46 (90) 653. [13] F. Berends and R. Kleiss, Z. Phys. C27 (85) 365.

[14] W. Beenakker, K. Kołodziej and T. Sack, Phys. Lett. B258 (91) 469;

W. Beenakker, F.A. Berends and T. Sack, Nucl. Phys. B367 (91) 287; K. Kołodziej and M. Zrałek, Phys. Rev. D43 (91) 3619; J. Fleischer, F. Jegerlehner and K. Kołodziej, Phys. Rev. D47 (93) 830.

[15] K. Melnikov and O. Yakovlev, Nucl. Phys. B471 (1996) 90.

[16] W. Beenakker, F.A. Berends and A.P. Chapovsky, Phys. Lett. B411 (97) 203 and Nucl. Phys. B508 (97) 17.

[17] A. Denner, S. Dittmaier and M. Roth, Nucl. Phys. B519 (98) 39 and Phys. Lett. B429 (98) 145. [18] A. Denner, S. Dittmaier, M. Roth and D. Wackeroth, BI-TP 2000/06, in preparation. [19] V.S. Fadin, V.A. Khoze and A.D. Martin, Phys. Rev. D49 (94) 2247;

K. Melnikov and O. Yakovlev, Phys. Lett. B324 (94) 217. [20] A.P. Chapovsky and V.A. Khoze, Eur. Phys. J. C9 (1999) 449. [21] Y. Kurihara, M. Kuroda and D. Schildknecht, hep-ph/9908486. [22] W. Beenakker, F.A. Berends and A.P. Chapovsky, Nucl. Phys. B548 (99) 3. [23] S. Jadach et al., Phys. Lett. B417 (98) 326. [24] S. Jadach et al., hep-ph/9907436.

[25] W. Beenakker and A. Denner, Int. J. Mod. Phys. A9 (94) 4837. [26] E.N. Argyres et al., Phys. Lett. B358 (1995) 339. [27] R.G. Stuart, Phys. Lett. B262 (1991) 113;

A. Aeppli, G.J. van Oldenborgh and D. Wyler, Nucl. Phys. B428 (1994) 126. [28] W. Beenakker, F.A. Berends and A.P. Chapovsky, Nucl. Phys. B548 (1999) 3. [29] U. Baur and D. Zeppenfeld, Phys. Rev. Lett. 75 (1995) 1002. [30] W. Beenakker et al., Nucl. Phys. B500 (1997) 255.

[31] M. Beuthe, R. Gonzalez Felipe, G. Lopez Castro and J. Pestieau, Nucl. Phys. B498 (1997) 55;

G. Passarino, hep–ph/9911482;

E. Accomando, A. Ballestrero, E. Maina, hep–ph/9911489. [32] W. Beenakker, F.A. Berends and A.P. Chapovsky, hep–ph/9909472. [33] A. Kanaki and C.G. Papadopoulos, hep–ph/0002082. [34] K. Melnikov and O. Yakovlev, Phys. Lett. B324 (1994) 217;

V.S. Fadin, V.A. Khoze and A.D. Martin, Phys. Rev. D49 (1994) 2247. [35] A. Denner, S. Dittmaier, M. Roth and D. Wackeroth, Nucl. Phys. B560 (99) 33. [36] M. Böhm et al., Nucl. Phys. B304 (1988) 463;

W. Beenakker, K. Kołodziej and T. Sack, Phys. Lett. B258 (1991) 469. [37] A. Denner and T. Sack, Z. Phys. C46 (1990) 653 and papers quoted therein. [38] A. Denner, S. Dittmaier and M. Roth, Nucl. Phys. B519 (1998) 39 and Phys. Lett. B429 (1998) 145.

[39] W. Beenakker, A.P. Chapovsky and F.A. Berends, Phys. Lett. B411 (1997) 203 and Nucl. Phys.

B508 (1997) 17.

[40] V.S. Fadin and V.A. Khoze, Sov. J. Nucl. Phys. 48 (1988) 309;

V.S. Fadin, V.A. Khoze and A.D. Martin, Phys. Lett. B311 (1993) 311; D. Bardin, W. Beenakker and A. Denner, Phys. Lett. B317 (1993) 213; V.S. Fadin et al., Phys. Rev. D52 (1995) 1377.

[41] W. Beenakker, F.A. Berends and A.P. Chapovsky, Phys. Lett. B435 (1998) 233. [42] S. Jadach et al., hep–ph/9907436.

[43] G. Passarino, Unstable particles and non-conserved currents: a generalization of the fermion-loop scheme, hep-ph/9911482.

[44] M. Böhm et al., Nucl. Phys. B304 (1988) 463;

A. Denner and T. Sack, Z. Phys. C46 (1990) 653.

[45] A. Denner, S. Dittmaier and M. Roth, Nucl. Phys. B519 (1998) 39.

[46] W. Beenakker et al., in Physics at LEP2, eds. G. Altarelli, T. Sjöstrand and F. Zwirner (Report CERN 96-01, Geneva, 1996), p. 79, hep-ph/9602351.

[47] S. Dittmaier, Nucl. Phys. B565 (2000) 69;

M. Roth, dissertation ETH Zürich No. 13363, 1999.

[48] M. Böhm, A. Denner and S. Dittmaier, Nucl. Phys. B376 (1992) 29; E: B391 (1993) 483. [49] F.A. Berends, R. Pittau and R. Kleiss, Nucl. Phys. B424 (1994) 308;

F.A. Berends, P.H. Daverveldt and R. Kleiss, Nucl. Phys. B253 (1985) 441 and Comput. Phys. Commun. 40 (1986) 285;

J. Hilgart, R. Kleiss and F. Le Diberder, Comput. Phys. Commun. 75 (1993) 191. [50] R. Kleiss and R. Pittau, Comput. Phys. Commun. 83 (1994) 141. [51] G. Passarino, The Single W Production Case, hep-ph/9810416.

[52] E.E. Boos and M.N. Dubinin, Single W -boson production at Linear Colliders, hep-ph/9909214. [53] D. Bardin et al. Report on Event Generators for WW Physics in Vol.1, ‘Report of the Workshop in Physics at LEP2’, G. Altarelli et. al., CERN-96-01.

[54] Y. Kurihara, D. Perret-Gallix and Y. Shimizu, Phys. Lett. B349(1995) 367. [55] U. Baur and D. Zeppenfeld, Phys. Rev. Lett. 75(1995)1002.

[56] G. Passarino, Unstable Particles and Non-Conserved Currents: A Generalization of the Fermion- Loop Scheme, hep-ph/9911482, to appear in Nuclear Physics B.

[57] J. Hoogland and G. J. van Oldenborgh, Phys. Lett. B402(1197)379. [58] G. Passarino, Comp. Phys. Comm. 97(1996)261.

[59] F. Berends, R. Kleiss and R. Pittau, Comp. Phys. Comm. 85(1995)437;

F. Caravaglios and M. Moretti, Phys. Lett. B308(1995)332; G. Passarino, Comp. Phys. Comm. 97(1996)261; J. Fujimoto et al., Comp. Phys. Comm. 100(1997)128; D. G. Charlton et al., Comp. Phys. Comm. 99(1997)335; E. Accomando and A. Ballestrero, Comp. Phys. Comm. 99(1997)270; A. Pukhov et al, INP-MSU-98-41-542, hep-ph/9908288; E. Boos et al., in Dubna 1990, Standard model and beyond 265-269; S. Jadach et al., Comp. Phys. Comm. 119(1999)272.

[60] E. Accomando, A. Ballestrero and E. Maina, hep-ph/9911489.

[61] D. Bardin and G. Passarino, The Standard Model in the Making, Clarendon Press - Oxford, 1999. [62] G. Passarino and M. Veltman, Nucl. Phys. B160(1979)151. [63] C. Caso et al., Euro. Phys. Jour. C3(1998)1.

[64] D. Bardin, W. Hollik and G. Passarino (eds.), Reports of the working group on precision calculations for the Z resonance (CERN 95-03, Genève, 1995).

[65] W. Beenakker et al., in Physics at LEP2, eds. G. Altarelli, T. Sjöstrand and F. Zwirner, (CERN 96-01, Genève, 1996) Vol. 1, p. 79, hep-ph/9602351.

[66] P.M. Zerwas (ed.), e^+e^− collisions at 500 GeV: The physics potential (DESY 93-123C, Hamburg, 1993);

W. Beenakker and A. Denner, Int. J. Mod. Phys. A9 (1994) 4837.

[67] F. Caravaglios and M. Moretti, Phys. Lett. B358 (1995) 332. [68] K. Gaemers and G. Gounaris, Z. Phys. C1 (1979) 259.

[69] K. Hagiwara, K. Hikasa, R.D. Peccei and D. Zeppenfeld, Nucl. Phys. B282 (1987) 253. [70] E. Accomando, A. Ballestrero and E. Maina, Non-conserved currents and gauge-restoring schemes in single-W production, hep-ph/9911489 [71] E.A. Kuraev and V. Fadin, Sov. J. Nucl. Phys. 41 (1985) 466;

G. Altarelli and G. Martinelli, in Physics at LEP, J. Ellis and R. Peccei eds., CERN 86-02, Geneva, 1986), Vol. 1 p. 47;

O. Nicrosini and L. Trentadue, Phys. Lett. B196 (1987) 551, Z. Phys. C39 (1998) 479; F.A. Berends, G. Burgers and W.L. van Neerven, Nucl. Phys. B297 (1988) 429;

S. Jadach and M. Skrzypek, Z. Phys. C49 (1991) 577; M. Skrzypek, Acta Phys. Pol. B23 (1992) 135;

M. Cacciari, A. Deandrea, G. Montagna and O. Nicrosini, Europhys. Lett. 17 (1992) 123. [72] A. Pallavicini, On photon radiation in single-W process, talk given at CERN meeting on 12/10/99;

G. Montagna, M. Moretti, O. Nicrosini, A. Pallavicini, F. Piccinini, paper in preparation. [73] S. Eidelman and F. Jegerlehner, Z. Phys. C67 (1995) 585.

[74] F. A. Berends, R. Pittau and R. Kleiss, Comput. Phys. Commun. 85, 437 (1995). [75] A. Denner, S. Dittmaier, M. Roth and D. Wackeroth, Nucl. Phys. B560, 33 (1999). [76] E. Accomando, A. Ballestrero and E. Maina, hep-ph/9911489. [77] A. Kanaki and C .G. Papadopoulos, hep-ph/0002082. [78] G. Passarino, hep-ph/0001212 and hep-ph/9911482. [79] W. Beenakker et al., Nucl. Phys. B500, 255 (1997). [80] E. Argyres et al., Phys. Lett. B358, 339 (1995). [81] R. Pittau, in preparation.

[82] E. A. Kuraev and V. S. Fadin, Yad. Fiz. 41, 753 (1985) [Sov. J. Nucl. Phys. 41, 466 (1985)];

G. Altarelli and G. Martinelli, in Physics al LEP, CERN-Yellow Report 86-06, eds. J. Ellis and R. Peccei (CERN, Geneva, February 1986);

O. Nicrosini and L. Trentadue, Phys. Lett. B196, 551 (1987);

F. A. Berends, G. Burgers and W. L. van Neerven, Nucl. Phys. B297, 429 (1988) and B304, 921E (1988).

[83] W. Beenakker, F. A. Berends, S. C. van der Marck, Nucl. Phys. B349, 323 (1991). [84] G. Montagna, M. Moretti, O. Nicrosini and F. Piccinini, Nucl. Phys. B541, 31 (1999);

O. Nicrosini and L. Trentadue, Nucl. Phys. B318, 1 (1989) and Phys. Lett. B231, 487 (1989). [85] F. A. Berends and R. Kleiss, Nucl. Phys. B260, 32 (1985) and B178, 141 (1981). [86] W. Beenakker, F. A. Berends, S. C. van der Marck, Nucl. Phys. B355, 381 (1991). [87] Y. Kurihara, J. Fujimoto, Y. Shimizu, K. Kato, K. Tobimatsu and T. Munehisa, hep-ph/9912520. [88] F. A. Berends, P. H. Daverveldt and R. Kleiss, Nucl. Phys. B253, 412 (1985).

[89] G. Montagna, M. Moretti, O. Nicrosini, A. Pallavicini and F. Piccinini, paper in preparation and in On photon radiation in single-W process, talk at the LEP2 Monte Carlo Workshop [137], Oct. 12 1999.

[90] F. A. Berends, R. Pittau and R. Kleiss, Nucl. Phys. B424, 308 (1994).

[91] M. L. Mangano et al., in Physics at LEP2, CERN 96-01 (1996), eds. G. Altarelli, T. Sjöstrand and F. Zwirner, Vol 2, p. 299.

[92] D. Bardin et al., in Physics at LEP2, CERN 96-01 (1996), eds. G. Altarelli, T. Sjöstrand and F. Zwirner, Vol 2, p. 3.

[93] E. Accomando and A. Ballestrero, Comput. Phys. Commun. 99, 270 (1997). [94] http://www.to.infn.it/~giampier/lep2.html. [95] U. Baur and D. Zeppenfeld, Phys. Rev. Lett. 75 (1995) 1002. [96] J. Hoogland and G. J. van Oldenborgh, Phys. Lett. B402 (1997) 379. [97] E. Accomando, A. Ballestrero and E. Maina, hep-ph/9911489. [98] G. Passarino, hep-ph/9911482. [99] G. Passarino, hep-ph/0001212.

[100] W. Beenakker, F.A. Berends and A.P. Chapovsky, hep-ph/9909472. [101] A. Denner, S. Dittmaier, M. Roth and D. Wackeroth, Nucl. Phys. B560 (99) 33. [102] E. Accomando and A. Ballestrero, Comp. Phys. Comm. 99 (1997) 270. [103] J. Fleischer, F. Jegerlehner and M. Zrałek, Z. Phys. C42 (1989) 409;

K. Kołodziej and M. Zrałek, Phys. Rev. D43 (1991) 3619; J. Fleischer, F. Jegerlehner and K. Kołodziej, Phys. Rev. D47 (1993) 830.

[104] W. Beenakker, F.A. Berends and T. Sack, Nucl. Phys. B367 (1991) 287. [105] K. Melnikov and O. Yakovlev, Nucl. Phys. B471 (96) 90. [106] M. Böhm et al., Nucl. Phys. B304 (88) 463;

A. Denner and T. Sack, Z. Phys. C46 (90) 653.

[107] G. Belanger, F. Boudjema, Y. Kurihara, D. Perret-Gallix and A. Semenov, Bosonic quartic couplings at LEP2, hep-ph/9908254 and references therein.

[108] A. Denner, S. Dittmaier, M. Roth, D. Wackeroth, Nucl. Phys. B560 (1999) 33. [109] G. Montagna, O. Nicrosini, F. Piccinini, Comput. Phys. Commun. 98 (1996) 206. [110] G. Montagna, M. Moretti, O. Nicrosini, F. Piccinini, Nucl. Phys. B541 (1999) 31. [111] M. Osmo, Four fermions plus gamma at LEP2, talk given at CERN meeting on 25/06/99;

G. Montagna, M. Moretti, O. Nicrosini, M. Osmo, F. Piccinini, paper in preparation. [112] G. Passarino, Single-W production and Fermion-Loop scheme: numerical results, hepph/0001212.

[113] D.R. Yennie, S.C. Frautschi and H. Suura, Ann. Phys. 13 (1961) 379.

[114] E. Boos, M. Dubinin, V. Ilyin, A. Pukhov, V. Savrin, preprint INP MSU 94-36/358, 1994 (hepph/9503280);

P.Baikov et.al, in: Proc.of X Workshop on High Energy Physics and Quantum Field Theory, ed.by B.Levtchenko, V.Savrin, Moscow, 1996, p.101; A. Pukhov et.al., hep-ph/9908288;

see also http://theory.npi.msu.su/~comphep. [115] T. Sjoestrand, Comput.Phys.Commun., 82 (1994) 74 [116] F. A. Berends, R. Pittau and R. Kleiss, Comput. Phys. Commun. 85, 437 (1995) and Nucl. Phys.

B424, 308 (1994).

[117] A. Denner, S. Dittmaier, M. Roth and D. Wackeroth, Nucl. Phys. B560, 33 (1999). [118] E. Accomando, A. Ballestrero and E. Maina, hep-ph/9911489. [119] A. Kanaki and C .G. Papadopoulos, hep-ph/0002082. [120] G. Passarino, hep-ph/0001212 and hep-ph/9911482. [121] W. Beenakker et al., Nucl. Phys. B500, 255 (1997). [122] E. Argyres et al., Phys. Lett. B358, 339 (1995). [123] R. Pittau, in preparation.

[124] E. A. Kuraev and V. S. Fadin, Yad. Fiz. 41, 753 (1985) [Sov. J. Nucl. Phys. 41, 466 (1985)];

G. Altarelli and G. Martinelli, in Physics al LEP, CERN-Yellow Report 86-06, eds. J. Ellis and R. Peccei (CERN, Geneva, February 1986);

O. Nicrosini and L. Trentadue, Phys. Lett. B196, 551 (1987);

F. A. Berends, G. Burgers and W. L. van Neerven, Nucl. Phys. B297, 429 (1988) and B304, 921E (1988).

[125] See, for example, F. A. Berends, R. Pittau and R. Kleiss, Nucl. Phys. B426, 344 (1994). [126] W. Beenakker, F. A. Berends, S. C. van der Marck, Nucl. Phys. B349, 323 (1991). [127] G. Montagna, M. Moretti, O. Nicrosini and F. Piccinini, Nucl. Phys. B541, 31 (1999);

O. Nicrosini and L. Trentadue, Nucl. Phys. B318, 1 (1989) and Phys. Lett. B231, 487 (1989). [128] F. A. Berends and R. Kleiss, Nucl. Phys. B260, 32 (1985) and B178, 141 (1981). [129] W. Beenakker, F. A. Berends, S. C. van der Marck, Nucl. Phys. B355, 381 (1991). [130] Y. Kurihara, J. Fujimoto, Y. Shimizu, K. Kato, K. Tobimatsu and T. Munehisa, hep-ph/9912520. [131] F. A. Berends, P. H. Daverveldt and R. Kleiss, Nucl. Phys. B253, 421 (1985). [132] G. Montagna, M. Moretti, O. Nicrosini, A. Pallavicini and F. Piccinini, paper in preparation and in On photon radiation in single-W process, talk at the LEP2 Monte Carlo Workshop [137], Oct. 12 1999.

[133] F. A. Berends, P. H. Daverveldt and R. Kleiss, Phys. Lett. B148, 489 (1984) and Nucl. Phys. B253, 441 (1985).

[134] M. L. Mangano et al., in Physics at LEP2, CERN 96-01 (1996), eds. G. Altarelli, T. Sjöstrand and F. Zwirner, Vol 2, p. 299.

[135] D. Bardin et al., in Physics at LEP2, CERN 96-01 (1996), eds. G. Altarelli, T. Sjöstrand and F. Zwirner, Vol 2, p. 3.

[136] E. Accomando and A. Ballestrero, Comput. Phys. Commun. 99, 270 (1997). [137] http://www.to.infn.it/~giampier/lep2.html. [138] J. Fleischer, F. Jegerlehner and M. Zrałek, Z. Phys. C42 (1989) 409;

M. Zrałek and K. Kołodziej, Phys. Rev. D43 (1991) 43; J. Fleischer, K. Kołodziej and F. Jegerlehner, Phys. Rev. D47 (1993) 830; J. Fleischer et al., Comput. Phys. Commun. 85 (1995) 29 and references therein.

[139] E. Barberio and Z. Wa̧s, Comput. Phys. Commun. 79 (1994) 291 and references therein. [140] S. Jadach and B.F.L. Ward, Phys. Lett. B274 (1992) 470.

[141] S. Jadach, B.F.L. Ward and Z. Wa̧s, Comp. Phys. Commun. 79 (1994) 503; ibid. (2000), in press. [142] S. Jadach, B.F.L. Ward and Z. Wa̧s, preprint UTHEP-99-0901, Sept., 1999, to appear. [143] S. Jadach, W. Płaczek, M. Skrzypek, B.F.L. Ward and Z. Wa̧s, Phys. Lett. B417 (1998) 326. [144] S. Jadach, W. Płaczek, M. Skrzypek, B.F.L. Ward and Z. Wa̧s, CERN-TH-99-222, UTHEP-98- 0502, Phys. Rev. D, 2000, in press.

[145] S. Jadach, W. Płaczek, M. Skrzypek, B.F.L. Ward and Z. Wa̧s, preprint UTHEP-00-0101, Jan., 2000, to appear.

[146] S. Jadach, W. Płaczek, M. Skrzypek, B.F.L. Ward and Z. Wa̧s, Comp. Phys. Commun. 119 (1999) 272.

[147] S. Jadach and B.F.L. Ward, Comput. Phys. Commun. 56 (1990) 351. [148] S. Jadach and B.F.L. Ward, Comput. Phys. Commun. 56 (1990) 351. [149] S. Jadach, B.F.L. Ward and Z. Wa̧s, Comput. Phys. Commun. 66 (1991) 276. [150] S. Jadach, W. Płaczek and B.F.L. Ward, Phys. Rev. D56 (1997) 6939. [151] S. Jadach, W. Płaczek M. Skrzypek, B.F.L. Ward and Z. Wa̧s, Phys. Lett. B417 (1998) 326. [152] D. Bardin et al., Nucl. Phys. B477 (1996) 27.

[153] S. Jadach, W. Płaczek, M. Skrzypek, B.F.L. Ward and Z. Wa̧s, preprint UTHEP-00-0101, to appear.

[154] W. Beenakker and F.A. Berends, in Physics at LEP2, ed. G. Altarelli et al. (CERN 96-01, Geneva 1996), Vol. I, p. 79, hep-ph/9602351.

[155] S. Dittmaier, hep-ph/9811434.

[156] A. Denner, S. Dittmaier, M. Roth, D. Wackeroth, Nucl. Phys. B560 (99) 33. [157] W. Beenakker, F.A. Berends and A.P. Chapovski, DTP/98/90, hep-ph/9811481. [158] Y.Kurihara, K.Kuroda and D. Schildknecht, in preparation.

[159] T. Ishikawa, T. Kaneko, K. Kato, S. Kawabata, Y. Shimizu, H. Tanaka. GRACE manual, KEK report 92-19, 1993.

[160] Y.Kurihara, K.Kuroda and D. Schildknecht, BI-TP 99/30, hep-ph/9908486 v2.

[161] A.Denner, S.Dittmaier, M.Roth and D. Wackeroth, Phys. Lett. B475 (2000) 127.

[162] E.A. Kuraev, V.S. Fadin, Sov. J. Nucl. Phys. 41 (1985) 466,

G. Altarelli, G. Martinelli, in “Physics at LEP” J. Ellis, R. Peccei eds. CERN 86-02 (CERN, Geneva, 1986), O. Nicrosini, L. Trentadue, Phys. Lett. B196 (1987) 551; Z. Phys. C39 (1988) 479, F.A. Berends, G. Burgers, W.L. van Neerven, Nucl. Physc B297 (1988) 429.

[163] G. Marchesini, B.R. Webber, Nucl. Phys. B238 (1984) 1,

R. Odorico, Nucl. Phys. B172 (1980) 157, T. Sjöstrand, Comput. Phys. Commun. 79 (1994) 503.

[164] Y. Kurihara, J. Fujimoto, Y. Shimizu, K. Kato, K. Tobimatsu, T. Munehisa, hep-ph/9912520.

[165] F. Bloch, A. Nordsieck, Phys. Rev. 37 (1937) 54,

D. R. Yennie, S. C. Frautschi, H. Suura, Ann. Phys. 13 (1961) 379.

See also S. Weinberg, “The Quantum Theory of Fields” (Cambridge University Press, New York, 1995), Section 13.

[166] F.A. Berends, P.H. Daverveldt, R. Kleiss, Nucl. Phys. B253 (1985) 412.

[167] W.L. van Neerven, J.A.M Vermaseren, Nucl. Phys. B238 (1984) 73,

W.L. van Neerven, J.A.M Vermaseren, Phys. Lett. B137 (1984) 241, W.L. van Neerven, J.A.M Vermaseren, NIKHEF Amsterdam preprint 84-2 (1984).

[168] R. Odorico, Nucl. Phys. B172 (1980) 157,

G. Marchesini, B.R. Webber, Nucl. Phys. B238 (1984) 1.

[169] W. Beenakker, F.A. Berends, W.L. van Neerven, Proceedings of “Radiative Correction for e^+e^− Collisions”, Ed. J.H. Kühn, Springer-Verlag, Heidelberg 1989, p.3.

[170] T. Munehisa, J. Fujimoto, Y. Kurihara, Y. Shimizu, Prog. Theor. Phys. 95 (1996) 375.

[171] J. Fujimoto, Y. Shimizu, T. Munehisa, Prog. Theor. Phys. 91 (1994) 333,

K. Tobimatu, in preparation.

[172] T. Ishikawa, T. Kaneko, K. Kato, S. Kawabata, Y. Shimizu and H. Tanaka, KEK Report 92-19, 1993, The GRACE manual Ver. 1.0 and see also H. Tanaka, Comput. Phys. Commun. 58 (1990) 153 H. Tanaka, T. Kaneko and Y. Shimizu, Comput. Phys. Commun. 64(1991) 149.

[173] S. Kawabata, Comp. Phys. Commun. 41 (1986) 127; ibid., 88 (1995) 309.

[174] J. Fujimoto, M. Igarashi, N. Nakazawa, Y. Shimizu, K. Tobimatsu, Prog. Theor. Phys. Suppl.

No.100 (1990), 1. Formulae used in the present work are given in Chapter 11.

[175] A. Denner, S. Dittmaier, M. Roth and D. Wackeroth, BI-TP 2000/06, in preparation.

[176] A. Denner, S. Dittmaier, M. Roth and D. Wackeroth, Phys. Lett. B475 (2000) 127; hepph/9912447.

[177] S. Jadach, W. Płaczek, M. Skrzypek, B.F.L. Ward and Z. Wa̧s, Phys. Lett. B417 (1998) 326; see also: hep-ph/9907436, in print in Phys. Rev. D.

[178] S. Jadach et al., to appear.

[179] ??? GENTLE complete [180] A. Denner and S. Dittmaier, Phys. Rev. D54 (1996) 4499. [181] A. Denner, S. Dittmaier and G. Weiglein, Nucl. Phys. B440 (95) 95;

X. Li and Y. Liao, Phys. Lett. B356 (1995) 68.