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In observations of multifragmentation processes with intermediale mass fragments, spherical events are apparently missing.
This result turns out to be inferred only because of the small number of fragments which are typically involved. Numerical simu-
lations show that for low multiplicity events the sphericity and coplanarity variables introduced for such analysis are not adequate
for extracting signals of the shape of the emitting source. We recommend alternative global variables which are more sensitive to

the fragmentation pattern.

In this paper we shall discuss some problems con-
nected to the extraction of signals from observed
multifragment events in energetic collisions between
nuclei. The number of emitted particles in each event
is generally large, and it depends on the size and en-
ergy of the system. There are often limitations on the
number of particles representing an event, either be-
cause one only looks for a specific, not too abundant,
kind of particles or because many experiments are not
exclusive enough to warrant a sufficient number of
particles. In recent experiments at GANIL [1] events
with a few fragments of intermediate mass larger than
the alpha particle (in the following denoted IMF)
have been detected.

Most models for collisions between heavy ions re-
sult in concrete predictions for the momentum dis-
tribution of emitted fragments. As an example, the
simple fireball model [2] predicts a three-source mo-
mentum distribution which is elongated in space
along the beam direction (rod-like). Collisions within
hydrodynamic models may generate, on the other

hand, momentum distributions for central collisions
which are flat (disc-like) and perpendicular to the
beam. Any of these model distributions can be used
for generation of simulated events. Conversely, an
analysis of experimental data should make it possible
to extract information about the underlying model
functions and thereby establish which model is more
suitable to describe the collision. The model distri-
bution functions depend on the masses, charges and
bombarding energy. While these variables are se-
lected in advance by the experimentalist, the scatter-
ing plane and the impact parameter can only be in-
ferred from the data by a model-dependent analysis
of the reaction products event by event.

In the literature it has become fashionable to ana-
lyse IMF events by means of the quadratic momen-
tum tensor, the application of which was discussed
for heavy ion collisions in ref. {3]. An analysis of
experimental data for heavy ion reactions with high
multiplicities of light baryons was also done in ref.
[4]. In high-energy physics the method was used even
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earlier to analyse jet eventsin (¢™, e~ ) collisions [5].
The momentum tensor characterizes the shape of the
momentum distribution for some — or all — of the de-
tected particles in a collision event. The shape is given
in terms of a few global variables which can express
whether the event appears as elongated, spherical or
disc shaped. Also the orientation of the shape can be
determined. Intuitively one may expect that the ex-
tracted shape of every event will reflect that of the
model function, maybe with some fluctuation around
an average behaviour. This is indeed correct for
events involving a very large number of fragments.
However, in IMF studies of nuclear reactions this ex-
pectation turns out to be unjustified, simply because
effects associated with the finite number of detected
particles dominate.

This important limitation was noted by Cugnon et
al. [6] and by Danielewicz and Gyulassy [ 7] already
several years ago in the context of reactions at higher
energies, where mostly light fragments are produced.
In the present contribution we would like to bring re-
newed attention to the conclusions of their studies.
These acquire special relevance in the analysis of in-
termediate mass events where, due to charge and bar-
yon conservation, no more than a few fragments are
ever involved. For this purpose we would like to
side-step the formal treatment that has been used in
ref. [7] to develop the arguments and employ, in-
stead, the simple vehicle of numerical simulations.
By using the standard sphericity and coplanarity
variables we hope to illustrate the risks involved in
drawing conclusions from quadratic momentum ten-
sors constructed with a smaill number of fragments.

The momentum tensor for a multiparticle event
with F detected ejectiles (called fold F), is defined
[3] as

F

Qy= Y v pf", (1)
v=1
where p{*’ is the momentum coordinate in the direc-
tion i. The quantity y*” is put equal to (2m,) ~* which
means that we use the kinetic energy flow tensor var-
iant of (1). The quantity m, is the ejectile mass. In
some cases it is advantageous to project out from the
events only some which obey certain conditions. The
3% 3 tensor Q; with / or j=x, y or z is symmetric. It
has three eigenvalues 4, <1, <A4; which characterize
the three principal axes of that ellipsoid which has
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the average shape of the event. The directions of the
principal axes will be denoted by e, ¢, and e; respec-
tively. The momenta may be given in any system, but
in order to describe the momentum shape of the event
the most representative way is to use a system close
to its CM system. The global variables of the tensor
can be directly the A’s and the €’s or, alternatively,
any functions of them. In ref. [1] the sphericity .S
and the coplanarity C were used to characterize the
events. They are defined as follows:

3 Aiths

S_21,+/12+/13’ (2)
\/§ /{2—/{1

C= 2 Ay +Ar 4450 (3)

In the analysis of IMF events, the total multiplicity
M., can be divided in two contributions, M, =
F+ M., where M, includes all emitted particles that
are not used for the construction of the momentum
tensor. In such case, the sum

F
pr= ), p¥ (4)
v=1

would fluctuate from one event to another, because
only the total momentum is conserved. The division
of the total multiplicity into intermediate mass frag-
ments and other fragments (gas particles) was dis-
cussed within the multifragmentation model in ref.
[8].

In fig. 1a we show an experimental distribution of
(S, C) for F=4 observed in the reaction Kr+Au at
43 MeV per nucleon [1]. For this analysis a reaction
frame for the IMF was identified which collects 75%
of the total momentum content. Then for each event
where F fragments were detected, an dditional par-
ticle was added in the construction o. Q,, to insure
momentum conservation. The part of the (S, C)
plane occupied by the distribution indicates an ap-
parent lack of spherical events. A priori, one would
expect these to lie in the lower right hand corner of
the plot, near (S, C)= (1, 0). The events populate,
instead, the tilted line in which disc- and rod-like
events are expected.

We now want to make Monte Carlo simulations
based on events constructed from some model distri-
bution functions and then compare them with the ex-
periments. As already mentioned, the collision pro-
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cesses are very complicated. Even the simplest fireball
model operates with three emitting sources. A model
distribution which has only one source and which is
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Fig. 1. Distribution of sphericity and coplanarity values of mul-
tifragment events. (a) Experimental distribution for F=4 ob-
served in the collision of 43 MeV per nucleon Kr incident on Au
nuclei (data of ref. [1]). (b) Distributions of F=4 events gen-
erated with the parameters: 0% =0 =0.5, ¢©¢=1 (rod);
0% =g =g =1 (spherical) and o%¢=0"=1, ¢ =0.5
(disc). Each plot contains N=50 000 simulated events. See text
for further details on the event generation procedure. (¢) Same
as fig. (b) for F=200. The three points marked with crosses cor-
respond to the F—oo limit. In (¢) we have also indicated the tra-
jectories of the maxima of the (S, C) distributions for the three
event shapes as functions of the sample size. Points for the sam-
ple sizes F=20, 10 and 4 (besides the already mentioned F—oo
and F=200) are marked on the trajectories.

specific for the momentum tensor analysis is the
three-dimensional gaussian distribution
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1
f(p):‘ (27{)3/20';0';,}0';,
r3 o p: )
><exp<— =3 — a7 |- (5)
202 2002 209

The variances have been given a formal expression
as it would follow from a simple thermodynamical
equilibrium,

ol =/m,ai, (6)
where the reduced variances g9 are numbers whose
values can be set arbitrarily between 0 and 1. In fact,
because of the dimensionless character of (2) and (3)
only the relative magnitudes of these quantities for
i=x, v, z are relevant. If all three o™ are equal one
obtains the standard spherical Maxwell distribution.
We consider model functions with cylindrical sym-
metry along the z-axis such that g% =¢%. The ori-
entation of the z axis in space can be defined in var-
ious ways, depending on the interpretation of the
reaction. When g% > g™ then the distribution func-
tion is elongated or rod-like, and when ¢2°¢ < g™ then
the function is flat or disc-like. The explicit depen-
dence on mass introduced in (6) is only one of sev-
eral possibilities. The conclusions of this paper re-
main the same if this dependence in ¢} is omitted.
The masses of the IMFs are chosen according to a
distribution function which also reflects some gross
features of the mass distribution for multifrag-
mentation,

m

P(m):%exp(—;), (7)

where A has been fixed to be 20.

Random events with a given fold F have been gen-
erated according to the functions (35) and (7) for dif-
ferent sets of parameters. In each event an extra frag-
ment with 40% of the total mass and momentum —p,
was added in the construction of Q. In this way the
theoretically generated momentum tensors corre-
spond as closely as possible to the experimental ones.
The momentum tensor (1) is calculated for a large
number N of events, and the global variables .S and C
are extracted for each case.

In fig. 1b we have plotted the (S, C) distributions
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for rod-like, spherical and disc-like distribution func-
tions using ¢™¢ equal to 2, 1 and 0.5 times the
o7 = o7°4 values respectively. The calculations are for
F=4. 1t is seen that the three calculated (S, C) dis-
tribution shapes look very much alike, with the
spherical shape fitting the experimental distribution
fig. 1a slightly better than the two others. Thus it is
not very useful to use (S, C) to extract information
about the shape of the model distribution. Even with
F as high as 20 the problem still persists. It is also
seen that the spherical distributions are not at all
placed near the point (S, C)=(1, 0) for this low
multiplicity. Qualitatively this “lack of spherical
events” in the (S, C) distribution can be explained
from the fact that two-particle events always give rod-
like shapes, while three-particle events tend to give
disc shapes in the analysis. For events with a limited
multiplicity the sampling of momenta is too poor to
represent accurately the features of the model distri-
bution function. By increasing F to very large values
the shapes of the plots are drastically altered. In fig.
¢ we show results of calculations with the same dis-
tribution functions as in fig. 1b, but now with F=200.
It is in this limit of relatively large F that the variance
analysis of ref. [7] is applicable. Also in fig. 1¢c we
have shown how the maxima of the distributions
evolve in the (S, C) planc as functions of F. It is seen
how they converge for small values of F. One should
notice that by using F=200 in combination with
A=20 one works with an unphysically large mass of
the total system. By changing in this case the param-
eter A to a more realistic smaller value, the (S, C)
plots, however, are practically unaffected. In the same
figure we have plotted the (S, C) points for F—-co
calculated by replacing A, by (a?)>. It is seen that the
distributions are rather narrow and located close to
the three asymptotic points, which corresponds well
to the intuitive expectations. We have investigated
how the (S, C) plots depend on other values of F and
find that in order to have clearly separated (S, C)
distributions for the three shapes, F should be larger
than ~ 50.

We have seen that there are problems with the use
of the variable set (S, C) as a source of information
in reactions with limited multiplicity. Consequently
global variables have to be introduced, which do not
suffer from this insensitivity. As an example we use
the angles between the three axes of the analysed event
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Fig. 2. Distribution of the angles 6, between the principal axis of
the momentum tensor and the beam axis for the same cases of
fig. 1b. The full line corresponds to the axis associated to the
smallest eigenvalue. 4, the dashed line to the intermediate one,
A4, and the dotted line to the largest one, 4.

and the model axis (the z-direction). In fig. 2 we have
for the same parameters as in fig. 1b plotted the dis-
tributions of the angles ; between the “event axes”
e,, e; or e;, and the z-direction, always taking that
complement of the angle which is <90° (because of
the triple reflection symmetry of the distribution
function). It is seen that the angle distributions are
very different in the three cases of distribution func-
tions, thus suggesting that global angle variables might
be useful to distinguish between rod-like, spherical
and disc-like events, even if the multiplicity is as low
as 4. One may note that there is a difference between
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the distributions for the angles ~90°, despite the fact
that the model width-parameters for the correspond-
ing directions are equal. This is a consequence of the
ordering of the eigenvalues 4, 4,, 13, and the differ-
ence vanishes as F—co. It is worth pointing out that
a suggestion to use an angle-dependent global vari-
able was done in ref. [6].

In conclusion: When the number of fragments rep-
resenting multifragmentation events is small, this
dominates completely the event pattern in the (S, C)
representation and thus one cannot easily find the
underlying signals in these variables. We recommend
to use angle variables instead, maybe also in other
combinations than those used here. The possibilities
of choosing global variables in cases which are more
complicated than the single sources considered in this
paper are legio. Many experiments are, for instance,
analysed with source functions which are character-
istic for a special dynamical reaction model. Also in
such cases the finiteness problem is as important as
in the present note, but to our knowledge has not been
properly treated in the literature. Thus much more
work in this field is required.
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