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1. Introduction

A basicquantitydescribinggrazingcollisionsbetweenheavyions is the ion—ion potential.From
systematicanalysisof elasticscatteringdatawith the opticalmodel onehasdeterminedthe tail of
this potential. It seemsto comparewell with the potentialobtainedby folding the densitiesof the
two colliding nucleiwith an effectivenucleon-nucleonforce(cf. e.g. [1]). The absorptivepotential,
which is utilized to accountfor the depopulationof the entrancechannelshows,on theotherhand,
largevariationsfrom caseto case.

Allowing the radii of the two ions to dependon the anglesit is possibleto obtaina descriptionof
inelasticprocesses(cf. e.g. [2]). The associatedcomplexformfactorsareproportional,for the case
of monopole—multipoleexcitations,to the staticor dynamicdeformationof the nuclearsystems,
the radial dependencebeinggiven by the derivativeof the opticalpotential.Thismacroscopicmodel
of inelasticprocesses,which hasbeenvery successfulin the analysisof experimentaldata,impliesa
proportionalitybetweenthe variationof the densityand thevariation of the nuclearpotential(cf.
ref. [3]).

A ratherdetailedmicroscopicdescriptionof the differentcollectivemodesof excitationof the
nucleusexists,in particularof rotationsandvibrations.In the presentpaper,thecorresponding
formfactorsarecalculatedin a representationwhich makesexplicit referenceto theindividual
neutronsandprotons.The collectivenatureof the statesexcitedin thescatteringprocessis contained
in the configurationmixing of the correspondingwavefunctions.

The inelasticscatteringformfactorsarethuscalculatedon the samefooting as theone- andtwo-
particletransferformfactors(cf. e.g. [4]). A questionof specialinterestto be investigatedis the
role playedby the “hot orbitals”,i.e., orbitalswhich areparticularlysuitedto respondto the
externalprobein aninelasticprocess.

In section2 we derivethe generalexpressionfor the microscopicformfactorsfollowing closely
thenotationutilized in ref. [4]. They are evaluatedwithin the frameworkof nuclearstructure
modelsin section3 andappendixA. The resultingquantitiescanbe directly usedin first order
perturbationtheory,or in acoupledchannelcalculationinvolving inelasticprocesses.Themacro-
scopicformfactorscorrespondingto surfacevibrationsarederivedin section4, while the macroscopic
formfactorsfor deformednuclei aredealtwith in appendixC. A discussionof thetheoreticalaspects
of the comparisonof theseformfactorswith the correspondingmicroscopicformfactorsis presented
in section5. In section6 we showsomeexampleswheremicroscopicandmacroscopicformfactors
areusedto calculatedifferential cross-sections.

2. Microscopiccalculationof the formfactors

We considerthe process

b+B-÷b’+B’, (2.1)

whereb and B aretwo interactingions. The primeson b andB indicatethat the corresponding
nuclei arein excitedstates.

The basicquantity to be calculatedis the amplitude
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wherethe wavefunctions and describethe statesof the nucleusb andB, respectively,
~b and~B beingthe correspondingintrinsic coordinates.

The angularmomentumof relativemotion in channel(b + B) (3is denotedby l~andit is
coupledto the total intrinsic angularmomentumL,~of the nucleib andB. The resultingchannelspin
S is a conservedquantity.The correspondingquantitiesassociatedwith thechannel(b’ + B’) f3’
areindicatedby the samesymbols,but primed.The potential ~ is the interactionbetweenall the
nucleonsin b with all the nucleonsin B, while UbB is the expectationvalueof this quantity.Note
that the coordinateof relativemotionof bothchannelscoincide.We shallthusin the following drop
the label on thisvariable.

The integralin (2.2),usuallyreferredto as the formfactor,canbe expandedin tensorcomponents,
i.e.,

f~’(r)= 5 dr,,d~B)PJj~M~~Gb)~‘ThM’B(~B) (VbB — UbB) ~PIbMb(~b) ~“IBMB”B)

£2.3)
= ~.: (IBMBJMIIBMB) (I~M~J’M’14Mb)~XpJMVM’)f(~(r),

MM’~i

or equivalently

f~’(r)= (~ir ~ ~ 1BJMII~M~)([~M~J’M’I4Mb)(Xp~JMV’M’) f~’(r), (2.4)

M~Mj~

JandJ’ beingthe angularmomentatransferredbetweenthe targetandthe residualnucleusand
betweenthe projectileandthe outgoingparticle respectively,while A is theangularmomentum
transferredbetweenthe orbitalandthe intrinsic motion. Sincethe functionf(~(r) is atensorof
rank A, onecanobtainthe explicit dependenceon two of itsvariables,utilizing an intrinsic system
whosez-axis is alongthe relativepositionvectorr, i.e.

f~(r)= ~ ~ 0, 0) [f~’(T)]intr. (2.5)

The formfactor [)~(r)]mtr is given by the sameexpression(2.4) exceptthat it is evaluatedin a
coordinatesystemwherer is the quantizationaxis. Becauseof the axialsymmetryaroundthisvector.
only the term with ~z’= 0 in (2.5) contributesandwe thusdefinetheradial formfactorby the
equation

f~(r) f~~’(r)~xM(~)’ (2.6)



R.A. Broglia eta!., Formfactorsfor inelasticscatteringbetweenheavyions 355

where

f~”(r) /‘~~ [f~’(r)]jntr. (2.7)

Performinga reflectionin aplanecontainingthe r-axis it is seenthat the formfactor(2.7) vanishes
unless

A+ireven (2.8)

whereir is the parity changetakingplacein the reaction.Thisselectionrule is valid insofaras one
canneglectvelocitydependentinteractions,in particularthe interactionsinducingmagneticexcita-
tions (cf. ref. [5] sectionIV.5).

In order to expressthe formfactor(2.7) in termsof the single-particledegreesof freedomwe use
the fractionalparentageexpansions

~IBMB(~C , r~,~ = (I~Mc/mII~M~)~ ~ ~PIcMc(~C)~ (2.9)

and

I-’IbMb(~c’r
2~,~2) ~ (4MCj’m’l4Mb)~~(r2C,~2) ~ (2.10)

andcorrespondinglyfor the excitedstates.Insertingtheseexpansionsin (2.3) we find

f~’(r) = [f~’(r)]target + [fpp’(r)]projectjie + [%i’(r)]mutuai+ [f~’(r)]recoji, (2.11)

where

[fpp~(r)]target = 6(b, b’) ~ cMc1imiI1~M~~~ ~‘) Ulb(rlb)
C,mi,Pn2

v B(C)( ~ ,1~-W/1m1’flC’ ~ r1 U~1,

gives riseto targetexcitationwhile

[f,~’(r)]projectj1e = 5(B, B’) ~ (ICMCJ1m1IIbMb) ~~M~1’2m’2[~,M J(P~2(Tic,~) U1B(rlB)
c,mj,m2

v b(c) I $\,13 .15-~Pj’1m’1’fic’ ~j) ~ r~U~,

inducesprojectileexcitation.
In theaboveexpressionsUq indicatestheexpectationvalueof the interaction over all coordi-

natesnot specified.The quantityL~b(rlb) is thusthe expectationvalueof the interactionV1b(~c,r2~,

rlb) over the degreesof freedomof c andof particle2, i.e., it is the shellmodelpotentialfor the
particle1 movingin b. Wehaveassumedthattheseexpectationvaluesdo not dependon themagnetic
quantumnumbers.

The third term in (2.11)indicatesmutualexcitation,beingnon-diagonalin both targetandpro-
jectile quantumnumbers.The mainterm hereis the matrix elementof V12(r12).

The fourth term is given by
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[f~,~’(r) ] recoil

= , <I~M~Jim1 4MB) (I~M~i2m2II~M~)(I~M~j’im’ilIbMb) (I~M~j’2m~lI~M~)5 d
3r~d3r

2 d~1d~2
cCmi’r 1
m2 m~

* * m1 m2 m
X “°12m2(r1~,~) ~~‘2(r2~, ~2) { U,~(r + — r1~— —_ r2c) + ~(b, b’) U2c(r + —i

+ ~(B, B’) ~ic(r—
2~r

2c) + ~(b, b’) 6(B, B’) [U12(r)— UbB(r)]~~pYr1~, ~1)~~(r2~, ~2).

(2.14)

The differentnon-diagonalcontributionsarizeas recoil effectsdueto the fact thatr = rbB is kept
fixed in evaluatingthe formfactor.For instance,the first andsecondtermsin (2.14) inducetarget
excitations.They canbe includedin (2.12)by substitutingUlb(rlb) by

Ulb(rlb)+ U~c(~r+~_!ricj)~ Ulb(rlb)+~-~ r1~~VUbC(r), (2.15)
mB mB

wheremB andm1 arethe massesof B andparticle 1 respectively.Thus,the recoil term to lowest
ordercontributesonly to dipoleexcitation.

In deriving (2.11)we haveneglectedtermsnondiagonalin the coresc and C. Thesetermsare
diagonalin the particlestatesi.e., the termsnon-diagonalin c arediagonalin the stateof particle2
(but not necessarilyin particle1). If the non-diagonaltermsin c andC areimportantoneshould
exhibit moreparticledegreesof freedomuntil the remainingcoreis inert,andthe total formfactor
would by the sumof formfactorsof the type(2.ll)—(2.l5) over all valenceparticles.

In the following we neglectthe mutualexcitationas well as therecoil term (2.14). For target
excitationwe thushave

f~(r) = ~ C*(Ica2 I~) C(Icai ; IB)(ICMCJ1mSIIBMB) (IcMcI2m2lJ~M~)
Cj1m112m2 (2.16)

x 5~3ri d~1 ~2(a2,ric, ~1)Ulb(rIb)~,~l(a1,r1c, ~i)~

whereaccordingto thenotationutilizedt in ref. [4]

~pJ~2(r1~, ~) C(Ica2I~)ø,~m2(a2ric~i) (2.17)

and

(2.18)

The quantityC is the single-particlespectroscopicamplitudedefinedas

C(Ica1;IB)~(IBIIa7(a1)IIIc)*/~J2IB+ 1. (2.19)

tA consistencybetweenthephaseconventionsusedin ref. [41for statesdefinedin secondquantizationor in configurationspaceis

achievedonly by giving theradialwavefunctionR1(r) a phasei’, andtable3 and4 of that referenceshouldbechangedaccordingly.
In thepresentpaperwe consistentlyuse theso-calledCondonand Shortleyconvention.
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Herea~mi(ai)createsa particlein the statea1, m1,wherea1 standsfor the radial, orbital andtotal
angularmomentumquantumnumbersn1, 1~andj~respectively.The associatedwavefunctionin
configurationspaceis

~1(al;’lc;~I) R~(r1c)[Yi(~ic)X(~i)]jm, (2.20)
wherethe squarebracketindicatesvectorcoupling.The functionR~)(r1~)is the normalizedradial
wavefunctionwhile x(~~)is the spin function.

We canrewrite (2.16) in the form

f~~(r) ~ C*(Ica2 “B) C(Icai ; ‘B) ([CMCJ1m1IIBMB) 1cMcI2m2lI~M~)(j1m1A — ,.uI/2m2)
C Jjmj/2m~?~P

(_l)2~+~i
X f(a1°2~°(r) (2 21)

~/2A+1~

wherethesingle-particleformfactor is definedby

(2X+l)r *fa
2al(r) = 1• + (—lf~~ ~ Kj

1m1X— ,il/2m25d3r1 d~1~$?m2~a2ric~i)Ulb(rlb)

42 1 mlm2

X Ø~~mi(ai;ric~i). (2.22)

Formulatingthisresult in secondquantizationwe generalize~ to include theexcitationof corre-

latedstates.We thusdefinean operatorf(r) suchthat its matrix elementsareequalto (2.16), i.e.

1(r) ~1~+M+7n1 /2+1 f~a1(r) [a~(a2)b~(al)1~,1)A,~, (2.23)

whereb~mi(ai) (_~i +m~+zrla creates a holein theorbital a1 andwhere

[a~(a2)b1~(a1)]~,~= ~ (I2m21imiIX!z)aZm2(a2)b~mi(ai)=

ml m2

(2.24)

The quantity ir1 is the parity of the singleparticlestate.Onemayeasilyverify the identity

(4M~IfIIBMB) f1~(r). (2.25)

The expression(2.22) for the singleparticleformfactor appearingin (2.23)canbe reducedmaking

useof the single-particlewavefunction(2.20)andof the relation
1~ 1 A / / A (~_1)/211

(o ~ ~ 12 ~ I = ~(2l~ + l)(2l2 + l)(2A + 1) ~/2~J1 — ~IX0)6(11 + 12 + A, even).

(2.26)

Onethusfinds
f~

2al(r) f~2a1(r)~
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with

f~2a1(r) ~/;~/(2A + 1)(2/~+ 1)(_1Y2 1/2 (/2~J1— ~IA0)6(l~+ 12 + A, even) J r~dr1~

X5d(cos0)R~*(rlc)Ulb(\/r~C+r
2 — 2rr

1~cos0)R~)(r1~)P~(cos0). (2.27)

Sincewe work with real radial wavefunctionstheformfactor (2.27) is real andsatisfiesthe general
symmetryproperty

~1a
2(r) = (_l)t1~2 f~2~l(~) (2.28)

An alternativeway of writing the formfactor (2.23)is

f(r) 5 Ulb(r~b)~(r’
1~)d

3r
1, (2.29)

wherethe densityoperator~ is definedby

= ala2 Jd~1I/5~m2(a2r1~ci)~jimi(”i ; r1~~) a~m2(a2)a,imi(ai). (2.30)
m1 m2

It shouldbe notedthat thediagonalmatrix elementsof (2.23)and(2.29)arenonvanishing,in
contrastto the diagonalpart of (2.3) which is zero.The diagonalpartof (2.29) is the ion—ion
potentialas obtainedby folding.

As an exampleof the formalismderivedabovewe considerfirst formfactorsfor two particles
outsideclosed shell.We assumethatthe coreof the nucleusremainsinertduring theprocessof
excitation.The generalizationto the casewheregroundstatecorrelationsareincludedis discussed
below. The groundstateis describedby the wavefunction

i[BMB)— I00) ~ X(a1a1;IBO)~11~~~100IO), (2.31)

whereX is the amplitudeof the different two-particleconfigurationsandthe squarebrackets
indicatethevectorcouplingof the two angularmomentato ‘B = MB = 0. The state10) indicatesthe
closedshell system,which is alsothe vacuumof the operatorsa~.The wavefunctionof the excited
stateis given by

II~M~) IX~i)= X(a1a2‘B = A) [a~(a1) a~(a2)]~~0). (2.32)
a1 ~‘a2 + 6(a1,a2)

The matrix elementof theoperator(2.23)betweenthe two statesdefinedabovecanbewritten as

(A,.tlfIOO) ~f~(r)

~/2j~ + 1 X(a1a2A) [x(aiai; 0) + ~ X(a2a20)] f~i~a~(r).(2.33)

a2~a1 2A+ 1 ~/i +6(a1,a2) ~/2j~ + 1 \/212+ 1
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3. Phonon excitation

The inelasticformfactorswerederivedin the previoussectionin termsof wavefunctionsexpressed
in a fermionbasis.It hasprovedusefulto describethe nucleusin termsof elementarymodesof
excitationwhereboth fermionandbosondegreesof freedomareutilized [3]. The two typesof
bosonsenteringin this picture arethosecorrespondingto correlatedparticle-holestates(wavy line
in fig. 1) andcorrelatedtwo particlestates(doublearrowedline in fig. 1). The field generatedby the
projectile can,in this picture,eitherchangethe stateof motion of a particleas for instancein graphs
(a) and(f) of fig. 1 or it cancreateaparticle-holeboson,as in graphs(b) and(d).

The formfactor (2.33)calculatedin theprevioussectioncorrespondsto the evaluationof graph
(a).The quantityX(a1a10) is theamplitude for the groundstatebosonon the configuration(a1, a1)

while X(a1a2A) is the amplitudedescribingthe configuration(a1,a2) in the excitedstateA (cf.
eqs. (2.32)and(2.31)).

In order to evaluategraph(b) we shouldrecasttheoperator(2.23) in termsof the bosonoperators.
In the randomphaseapproximation(RPA) thebosonoperatoris definedas

F~(n)= ~ {X(akal;A) F~(aka~)+ (—1)’~Yfl(akal;A) FX_~(aka~)}, (3.1)
ajak

~:i~_1~~

(a) (b) (c)______________

A a1 A~ / AV a2~ ~A

a~ ~

Cd) Ce) (f) (g

)

:~~:~:(L42: fl
(h) Ci) Ci) (Cc)

Fig. 1. Graphical representationof inelasticscattering.The graphs (a)—(i) represent the excitationof the target nucleusthrough the
field of the projectile, while (j) and (k) representexcitation ofboth systems.The excitationof the pairing vibration in (a) takesplace
through a particle excitation, after the phononhasbeen decomposedinto a two-particle state.The graph (b) indicatesthe excitation
of a surfacevibrational phonon in a closedsystems.Two of thegraphs representingthe higher order correctionsto this processare
depictedin (c).

The graphs (d)—(i) indicate the excitationof a surfacevibrational mode in an oddsystem. The lowest order graph in (d) is domi-
nant, if the phonon is strongly collective.

The graph (j) indicatesthe secondorder processin which the phononis excitedin both target and projectile (simultaneous
excitations), while graph (k) is the mutual excitationof two phononstaking placethrough the interaction f~(r)mutual in (2.11).
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actingon the correlatedgroundstatelO) definedby therelation

F~(n)JO)= 0. (3.2)

In the following we usethe conventionasin (3.1) that the indexk is usedfor particlestatesandthe
index i for holestates.The quantitiesX andY arethe forward-goingandbackward-goingamplitudes
and areobtainedby diagonalizingthe residualHamiltonianin RPA. Theindex n indicatesthecorre-
spondingeigenvalue.The operatorF~(a1,a2) is definedas

f’+ ( \ = F +( ‘~ I-,+( \1

X,f~aka~J Lafk~ak,LJ11\aI)JX,.L.

Fromthe commutationrelations

[F~,~(n),F~(m)]= 6(n, m), (3.4)

and

[F~(n), F~~(n)]= [F~(n), F~(m)]= 0, (3.5)

we canexpresstheparticle-holeoperator(3.3) in termsof the collectiveoperatorsF~(n)andF~~(n).
Onethusobtains:

F~(akaI)= ~ [Xfl(akal;A)F~(n) — (_1)M Yfl(akal;A) I’~,,~(n)]. (3.6)

Observingthat the formfactor(2.23)canbe rewrittenas

1(r) = a1~a2 (2A + 1 )( 1 + 6(a1,a2)) (—1 )X +~ ~(— 1 r 1 (2/2 + 1)1/2 fa
2alfr) [a,~(a

2)b~(ai)]~-

+ (_l)h12 (2/i + l)1~’2f~aia

2fr) [a~(a
1)b7~(a2)]X_M},

andutilizing therelations(2.24)and(2.28)we obtainthe following expressionfor the formfactor in
termsof the bosonoperator(3.1)

(f(r))~ ~ ~2A+ 1 (—1)~f~(r) [F~(n) + (_l)M I~~~(n)], (3.7)

where

2/ + 1
f~(r) ~ (_l)~ifakai(r) [Xfl(akal;X)— ~(aka~A)]. (3.8)

aiak A 1

To lowestorder the graph 1(b) or the correspondingmatrixelementof (3.7), (Aj.LIf1O), describesthe
excitationof vibrationalquanta.In a closedshell systemthe correctionsto this descriptionarize
from graphsof type (c) in fig. 1. For an oddsystemthe correspondingcorrectionsaregiven by
graphs(e)—(i), thelowestordergraphbeinggiven by (d).

To calculatesystematicallythe formfactorswithin the frameworkof the nuclearfield theory [6]
onethushasto utilize both the bosonrepresentation(3.7) of the formfactorandthe fermionrepre-
sentation

(f(r))F ~ ~2/2 + 1 f~
2~(r) [a~(a

2)b1~(ai)]~~. (3.9)
ala2 2X+l
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The generalizationof (3.7) and(3.9) to the caseof pairing deformed(superfluid)andshapedeformed
nuclei is workedout in the appendixA.

Note that all formfactorsincludecomponentsresponsiblefor Coulombexcitation.Thus for values
of r largerthanthe sumof the radii Rb andRB of the two nucleib andB we mayexpandthe
Coulombpart of the single-particlepotentialin (2.22)as

Ulb(IrlC — rI) = 4e ~ 2X±l ~~(~1C) Y~~(f)~ r~’, (3.10)

Zb beingthe chargenumberof the projectile.This leadsto

fal(r) ~(2X + lX2/2 + 1) (~1) j2II~t~)IIJ1)r ~ (3.11)

where

.~t(EA,A)eir~~Y~~(P1). (3.12)

Inserting(3.11) in (3.8) we find for the Coulombexcitationof a phonon

f~(r)= (~l)x(nAII~t(E7~)lI0)~ ~xM(~)~ (3.13)

wherethe collectivereducedmatrix elementof theelectricmultipole operatoris given by

(nAII.I((EX)IlO) = ~ (~1)~2[Xn(aia2 A) — Y~(a1a2A)](j1IIeir~~ Y~II/2). (3.14)
a1a2

Thesequantitiescanbe determinedexperimentallyin a modelindependentway andthus providea
crucial testof the descriptionof the nuclearstates.A microscopicdescriptionwhich reproducesthese
numbersandat thesametime reproducestheexcitationenergyis thusexpectedto leadalsoto a
total formfactor(3.8) which is more accuratethanthe macroscopicformfactorswhich havemainly
beenusedup to now.

The extentto which themicro- andmacroscopicformfactorsarethe samewill be studiedin the
following sections.

In the following we give examplesof inelasticformfactorsassociatedwith bothcollectiveand
non-collectivevibrational statesof

208Pb and120Sn.Non-collectiverefers,in the presentcontext,to
stateswhich aredominatedby few componentsor stateswhosewavefunctionsdisplaydestructive
interference.Only quadrupoleandoctupoleexcitationsareconsidered.

The calculationswerecarriedout diagonalizinga schematicmultipole—multipoleforce including
bothan isoscalarandan isovectorterm.The strengthof theisoscalarforce was chosenequalto the
selfconsistentvalue(cf. [3], chapter6)

4,r 41 1 1Mw
0\X

r = 0) ~ (1.2)2(~1 A(A+ 3)/3 ~ ) MeV. (3.15)

The ratio betweenthe isoscalarandisovectorstrengthswas setequalto (cf. refs. [3] and [7])

r = 1)/g(X, r 0) ~ —0.45(3 + 2A). (3.16)
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The particleswereassumedto movein a harmonicoscillatorpotentialandall L~N= 0 and2 excita-
tions wereincludedin the caseof the quadrupolemode,while all z~.N= I and 3 excitationswere
includedin the caseof the octupolevibrations.The calculationsfor 120Sn werebasedon equation
(A.4) of appendixA. The quasiparticleoccupationparameters,U, V weredeterminedaccordingto
the standardBCSprescription.The spectraandwavefunctionsfor the collective2+ statesof 208Pb
and ‘20Sn aregiven in ref. [7]. The wavefunctionsassociatedwith the non-collectivestatesutilized
in the calculationsof formfactorsbelowaregiven in table 1. Using the sameparameters,the 3
statesof 208Pbwerecalculated.The propertiesof someof thesestatesaregiven in table3 andthe
correspondingwavefunctionsareshownin table4.

Table 1
Propertiesof the quadrupole non-collectivestatesof 208P~.,and 120Snusedin fig. 2.
TheenergiesE aregiven in column 2. For detailson the contentsof the other
columns seethecaption of table 3. Thewavefunctionsaregivenin table2

E ~ At A(1/2)/-,J A(—1/2)/~c R RE

Pb(2~) 12.73 2.66 0.56 0.61 —0.49 0.70 8.91

Sn(2~) 4.65 1.7 0.09 0.73 —0.54 0.43 2.00

Table 2
Wavefunctionsfor two non-collectivequadrupolemodesof 120Snand 2O8pi,~, respectively, utilized in connectionwith fig. 2. Each
configuration is characterizedby the six quantum numbers a

1 (Ni , Li, Jl) anda2 (N2,L2, J2).The quantity DN indicates the
differencein the principal quantum number of the harmonicoscillator shellsconnectedby the excitation. The forward-going and
backward-goingamplitudesaredenotedby X = X(a1,a2 X) and Y= Y(a1,a2 A), respectively. For more details conferref. [7],
section6. Thequantity 2T= ±1 labelsneutronandprotonexcitationsrespectively

E= 12.73 E=4.65

NI Li J1 N2 L2 J2 2T DN X Y Ni Li .11 N2 L2 J2 2T DN I Y

1.0 4.0 4.5 0.0 6.0 6.5 +1 0 0.03 0.01 1.0 2.0 1.5 1.0 2.0 1.5 +1 0 0.08 0.02
1.0 3.0 3.5 0.0 5.0 5.5 —l 0 0.02 0.01 0.0 4.0 3.5 0.0 4.0 4.5 —1 0 0.08 0.01
0.0 6.0 6.5 0.0 4.0 4.5 —1 2 0.07 0.01 1.0 2.0 1.5 0.0 4.0 3.5 +1 0 0.37 0.03

0.0 6.0 5.5 0.0 4.0 3.5 —1 2 0.14 0.01 2.0 0.0 0.5 1.0 2.0 2.5 +1 0 0.41 0.02
1.0 4.0 4.5 1.0 2.0 2.5 —1 2 0.13 0.01 0.0 4.0 3.5 1.0 2.0 2.5 i-i 0 0.05 —0.00
0.0 7.0 7.5 0.0 5.0 5.5 +1 2 0.47 0.01 1.0 3.0 3.5 0.0 5.0 5.5 +1 0 0.08 —0.02
1.0 5.0 5.5 0.0 5.0 4.5 +1 2 0.04 0.00 1.0 2.0 1.5 2.0 0.0 0.5 +1 0 —0.10 —0.03

1 0 40 45 00 40 3 5 —i 2 004 000 0.0 5.0 5.5 0.0 5.0 5.5 +1 0 —0.18 —0.04
IA A A . A 1.0 2.0 1.5 1.0 2.0 2.5 +1 0 —0.23 —0.01.v ~,.5 v.0 .v ~, +1 0.07 —0.Ov 1.0 2.0 1.5 0.0 4.0 4.5 —i 0 —0.73 —0.03
1.0 4.0 4.5 1.0 2.0 2.5 +1 2 0.17 —0.01 0.0 4.0 3.5 0.0 4.0 3.5 +1 0 —0.15 0.01

1.0 3.0 2.5 1.0 1.0 0.5 —i 2 0.06 —0.00 1.0 2.0 2.5 1.0 2.0 2.5 +1 0 —0.10 0.09
0.0 6.0 5.5 0.0 4.0 3.5 +1 2 0.16 —0.01
2.0 1.0 1.5 1.0 1.0 0.5 —1 2 0.02 —0.00 0.0 6.0 6.5 0.0 4.0 4.5 —1 2 —0.05 0.02
2.0 2.0 2.5 1.0 2.0 1.5 +1 2 0.02 —0.00 0.0 5.0 5.5 0.0 3.0 3.5 —1 2 0.03 —0.02

0.0 6.0 6.5 0.0 4.0 4.5 +1 2 0.05 —0.03
2.0 2.0 2.5 2.0 0.0 0.5 +1 2 0.04 —0.00
1.0 4.0 3.5 1.0 2.0 1.5 +1 2 0.06 —0.01 0.0 5.0 4.5 0.0 3.0 2.5 —1 2 0.03 —0.01
1.0 6.0 6.5 0.0 6.0 6.5 +1 2 0.02 —0.00 1.0 4.0 4.5 1.0 2.0 2.5 +1 2 0.03 —0.02
2O8p~(2+) (non-collective) 120Sn(2+) (non-collective)
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Table 3
Propertiesof octupolestatesin

208Pb In columns 1 and2 theenergiesEandcentroidsE~within
thegroupsindicatedarecollected.Thecentroidsaredefmedby Ec= E E

1/(2~R1)whereR.are
thetransitionprobabilitiesfromthegroundstategivenin column 7 (in singleparticleunits). The
multipolemassmomentsfor protons(ar) andneutrons(.4’) aredisplayedin column 3 and4 in units
of (Ii/Mc...,0) =A

113 fm2. In column 5 and6 theneutronandprotonparticle-vibrationcoupling
strengthsasdefmedin ref. [7] axe given. In column 7 theratioR =B(E3)/B

5~of theB(E3) transi-
tion probabilitiesin termsof single-particleunits (B5~= (7/l6ir) e

2R6= 0.42A~2e2fm6) are collected.
In thelast column theoscillatorstrength(in B

5~,.MeV) is displayed.The stateslistedcontribute
~80% of thetotal energyweightedsumrule. In thelast row of this tablearelisted theproperties
of theoctupolenon-collectivestateusedin thecalculationof theformfactorsof fig. 2. Thewave-
functionsof threeof thestatesaregivenin table4

E E~ At A(1/2)/~/,c A(—l/2)/.,Jg R RE

2.62 2.62 39.83 57.56 1.48 1.11 20.5 53.71

3.86 21.17 35.78 0.66 0.98 5.40 20.84
5.88 5.04 16.38 34.87 0.32 1.27 3.20 18.82
6.71 13.53 24.77 0.37 0.77 2.2 14.76

54.42

10.80 13.00 16.00 0.55 0.16 2.03 21.92
13.00 13.50 13.25 9.22 0.74 —0.34 2.10 27.30
14.95 19.41 22.50 0.85 0.13 4.50 67.28

116.50

27.32 —12.33 19.76 —1.43 2.41 1.80 49.18
29.03 28.81 —11.75 17.79 —1.32 2.22 1.65 47.90
30.11 —12.26 16.65 —1.32 2.19 1.80 54.20

151.28

6.56 6.56 8.20 11.01 0.09 0.12 0.80 5.28

Utilizing theX andYamplitudesof ref. [7] andtables2 and4 theformfactors for the transitions
from the groundstatewerecalculatedaccordingto equations(3.8) and (A.4). The single-particle
formfactorsf~

1a~(r) werecalculatedusingharmonicoscillatorwavefunctions.Theresultsaredis-
played in fig. 2.

For the quadrupolemodesin 120Snand208Pb the formfactorsfor thelowest state,amemberof
the giant isoscalarresonanceandanon-collectivestatearegiven. A similarselectionof stateswas
usedfor the caseof octupolemodesin Pb.

At largedistancesthe formfactorsdisplaythe smooth~ dependencecharacteristicfor
Coulombexcitation,the Coulombexcitationformfactorbeinggiven separatelyby a dash—dotcurve
for the loweststateof eachmode.The nuclearpart (dashedcurve) showsa rapidvariationwith r.
The two contributionshaveoppositesign andthe formfactor thusvanishesata point closeto the
sumof the nuclearradii Rb + RB.

Althoughthe magnitudeof the different formfactors(in MeV) arequite different their shapesare
qualitativelyindependentof multipolarity andof excitationenergy.To emphasizethis similarity we
comparein fig. 3 someof the resultsshownin fig. 2. Quasielasticheavyion reactionsaresensitive
to the formfactorsonly in the externalregion for r- valueslargerthanRb + RB + 2 fm, whereall
thenuclearformfactorsshownarein fact almostidenticalexceptfor the scale.
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Table4
Wavefunctionassociatedwith threeof the octupolestatesin

208Pbshownin table3. For detailsseecaptionof table2

E=2.62 E=3.86 E=6.56

Nl Li Ji N2 L2 J2 2T DN I Y I Y I Y

0.0 6.0 6.5 0.0 5.0 5.5 —i 1 0.88 —0.06 —0.34 —0.04 —0.01 —0.01
1.0 4.0 4.5 1.0 3.0 2.5 +1 1 0.15 —0.02 —0.29 —0.01 —0.01 —0.00
0.0 5.0 4.5 1.0 2.0 1.5 —1 1 —0.15 0.03 —0.65 0.03 0.02 0.00

1.0 4.0 4.5 2.0 1.0 1.5 +1 1 0.27 —0.06 0.51 —0.02 —0.04 —0.01
1.0 3.0 3.5 2.0 0.0 0.5 —l 1 —0.10 0.03 —0.20 0.02 0.02 0.00
0.0 6.0 5.5 1.0 3.0 2.5 +1 1 0.18 —0.06 0.17 —0.02 —0.06 —0.01
1.0 4.0 4.5 0.0 5.0 4.5 +1 1 0.03 —0.01 0.02 —0.00 —0.03 —0.00

2.0 2.0 2.5 2.0 1.0 0.5 +1 1 0.08 —0.03 0.06 —0.01 —0.12 —0.00
0.0 7.0 7.5 0.0 6.0 6.5 +1 1 —0.17 0.07 —0.12 0.03 0.25 0.01
0.0 5.0 4.5 1.0 2.0 2.5 —i 1 0.02 —0.01 0.03 —0.01 0.87 —0.00

2.0 2.0 2.5 1.0 3.0 2.5 +1 1 0.04 —0.02 0.03 —0.01 0.14 —0.00
1.0 4.0 4.5 1.0 3.0 3.5 +1 1 0.09 —0.04 0.05 —0.02 0.24 —0.01
1.0 4.0 3.5 2.0 1.0 0.5 +1 1 0.08 —0.04 0.05 —0.01 0.21 —0.01
0.0 6.0 5.5 0.0 5.0 4.5 +1 1 0.09 —0.04 0.05 —0.02 0.15 —0.01

0.0 5.0 4.5 0.0 4.0 3.5 —l 1 —0.05 0.02 —0.06 0.02 —0.05 0.00
2.0 2.0 2.5 2.0 1.0 1.5 +1 1 0.05 —0.02 0.03 —0.01 0.06 —0.00
1.0 4.0 3.5 1.0 3.0 2.5 +1 1 0.06 —0.03 0.04 —0.01 0.06 —0.00

1.0 3.0 2.5 2.0 0.0 0.5 —l 1 0.03 —0.02 0.04 —0.01 0.02 —0.00
3.0 0.0 0.5 1.0 3.0 2.5 +1 1 0.04 —0.02 0.02 —0.01 0.02 —0.00
2.0 2.0 1.5 1.0 3.0 2.5 +1 1 0.03 —0.02 0.02 —0.01 0.02 —0.00

2.0 2.0 1.5 2.0 1.0 1.5 +1 1 —0.04 0.02 —0.02 0.01 —0.02 0.00
1.0 4.0 3.5 0.0 5.0 45 +1 1 0.03 —0.02 0.02 —0.01 0.02 --0.00
2.0 2.0 2.5 1.0 3.0 3.5 +1 1 0.04 —0.02 0.02 —0.01 0.02 —0.00

1.0 4.0 4.5 0.0 5.0 5.5 —1 1 0.03 —0.02 0.03 —0.01 0.01 —0.00
1.0 4.0 4.5 0.0 5.0 5.5 +1 1 0.03 —0.02 0.02 —0.01 0.01 —0.00
0.0 8.0 8.5 0.0 5.0 5.5 —i 3 —0.06 0.04 —0.06 0.03 —0.02 0.00
2.0 2.0 1.5 0.0 5.0 4.5 +1 1 0.02 —0.01 0.01 —0.01 0.01 —0.00

1.0 5.0 5.5 0.0 6.0 6.5 +1 1 —0.04 0.02 —0.02 0.01 —0.02 0.00
3.0 0.0 0.5 1.0 3.0 3.5 +1 1 0.03 —0.02 0.01 —0.01 0.01 —0.00
2.0 2.0 2.5 0.0 5.0 5.5 +1 1 0.02 —0.01 0.01 —0.01 0.01 —0.00

0.0 7.0 7.5 0.0 4.0 4.5 —1 3 0.03 —0.02 0.03 —0.02 0.01 —0.00
0.0 9.0 9.5 0.0 6.0 6.5 +1 3 0.06 —0.04 0.03 —0.02 0.02 —0.01
0.0 8.0 8.5 0.0 5.0 5.5 +1 3 —0.04 0.03 —0.02 0.01 —0.01 0.01

0.0 7.0 6.5 0.0 4.0 3.5 —i 3 0.02 —0.02 0.02 —0.01 0.00 —0.00
0.0 7.0 7.5 0.0 4.0 4.5 +1 3 0.03 —0.02 0.02 —0.01 0.01 —0.00
0.0 8.0 7.5 0.0 5.0 4.5 +1 3 —0.03 0.03 —0.02 0.01 —0.01 0.00
0.0 7.0 6.5 0.0 4.0 3.5 +1 3 0.02 —0.02 0.01 —0.01 0.01 —0.00
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Fig. 3. Comparisonbetweenthedifferentmicroscopicformfactors. In (a) the formfactorfor thelow-lying 2+ stateof 208pi,, is com-
paredto theformfactorassociatedwith thequadrupolegiant resonance(cf. fig. 2(d)and(e)). In (b) acollectiveandanon-collective
formfactorfor octupolevibrationsarecompared(Cf. fig. 2(g) and2(i)). In (c)we showthestriking similarity of thenuclearpartof
theformfactorfor aquadrupoleandanoctupolestateof 208p~(cf. fig. 2(d)and2(g)).

4. Macroscopicformfactors

Thestrongly collectivestatesof sphericalnucleicanbe interpretedasvibrationalstatescorrespond-
ing to excitationsof surfacemodes.In this macroscopicdescriptionthe nuclearradiusdependson
the directionthroughthe expression

R
1(P) = R~°~(1 + ~ aXM(l)

1’X_M(& ~p)(_1YL) . (4.1)

The quantityR~(°)is the averageradiusof thenucleusi while aXM(i) indicatesthe amplitudeof the
vibrationalmodeof multipolarity A.

The Hamiltonian associatedwith thesedegreesof freedomis assumedto be [3]

~ {~D~ Ia~I2+ ~ç IaxMI2} —~ ~ 171’AMI + ~ k~~~
5I)~ (4.2)

where is the momentumconjugateto aXM. The quantitiesD~and~ are themassparameterand
the restoringforceparameter,respectively.in termsof the bosoncreationandannihilationoperators
cj~ andCAM thedeformationparameterscanbe written as [3]

aXM (c~+ (_l)M Cx_M), (4.3)
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wherew~is the frequencyof the modew~,=
The parametersenteringin the definition of the collectivevariable(4.3) aredeterminedfrom the

energyof thephysicalstateand from the electromagnetictransitionprobability which determines
the matrix elementof themultipole operatorJ�’(EA,ji). This operatoris relatedto the deformation
amplitudeby

3Z. e(R’~ )X

.-1i~(EX,ji) = aXM(i), (4.4)

whereR? is the Coulombradiusof nucleus~

R~ l.2A~13fm, (4.5)

A. and4 being the massand chargenumbers.

In the macroscopicdescriptionthe detailedinteractionVbs betweenthe nucleib andB is
(4.6)

whereJ’~P~indicatesthe Coulombinteraction.Thenuclearinteraction1’~is assumedto be a func-
tion of theshortestdistancebetweenthe nuclearsurfaces.Neglectingtermsquadraticin this
distanceis givenby

s = r — Rb(—P) — RB(P), (4.7)

whereRb andRB aregiven by (4.1). Termsof similar orderof magnitude(O(1lw~/2C~))mayarize
from a possibledependenceof VN on the radii of curvature.Forsphericalnucleidiscussedbelowit
is howeveraratheraccurateapproximation.The caseof deformednuclei,wherethe equilibrium
deformationis of order0.3, will be discussedin the appendix.

In the following we consideronly targetexcitationanddrop the index i = B. The formfactor
associatedwith the excitationof thestate I l~)with onequantumin the modeXji is then givenby

~ +fC(r), (4.8)

where 0) indicatesthe ground state.
The formfactor correspondingto the Coulombpart of (4.6) canbe written (cf. also (3.13))

4irZe Y (~)fC(r) = ~ (2X + l)~2 (XII.JIB(EA)II0) (_l)M ~ . (4.9)

The nuclearpart fN(r) of the formfactor can be relatedto thenuclearpart of the ion—ion potential
UbB(r). This is definedas

U~(r)= <0IV~I0). (4.10)

We evaluate now fN(r) in terms of U~(r).From (4.3)andthe correspondingdefinition for the

conjugateoperator

~X~z = —i1~~ = i1/I~ (CAM — (--l)~c~M) (4.11)

we canexpressthe phononcreationandannihilationoperatorsin termsof and lTXM~e.g.
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____ ~ a
Cx~ (_l)MctxM ~/2C~~ (4.12)

The formfactor (4.8) is given by

~ aV~(s)f(r)(lXMIJ~(s)I0)(0I[cXM(B), ~]I0)/—-~-~0~ b~ (4.13)

A aAM( )
Utilizing the relations

a~s~= —R~~YXM(r) ‘~r~ (4.14)

and

(1AMfrXAMIO) \,/hWx/2CA, (4.15)

we obtainthe result

f(r)_~,/’!R~0) Y~M(P)~ 0)~—(1xMIaA#I0)R~)Y~M(f)~-~k. (4.16)

This expression, which hasbeenwidely usedfor the descriptionof inelasticscattering,hasbeen
considered as the lowest order term in an expansionin

q = (lXMIctAMI0>R~)d(log U~)/dr, (4.17)

i:e. in the ratioof (4.16)to (4.10). As it is seenfrom the abovederivationthis is not the case,the
result(4.16)being anexactexpressionfor harmonicvibrationsandfor the nuclearinteraction
(4.6)—(4.7).In otherwords(4.16)representsthe first term,not in an expansionin q, but in (lIctIO),
This resultis essentialfor the validity of the macroscopictreatmentof inelasticscatteringsincethe
parameter q is often of the orderof unity.

The generalmatrix elementbetweentwo many-phononstatesis workedout in appendixB.
We havecalculatedthe macroscopicformfactorsas discussedabovefor someof the reactions

studiedin fig. 2 andthe resultsaregiven in fig. 4 togetherwith the correspondingmicroscopicform-
factors.In all casestheion—ion potentialUN(r) was chosento be the onedeterminedfrom the
experimentalanalysisof the elasticscattering[9]. In the regionof interestit agreesquitewell with
the oneof ref. [8]. The parametersof the Saxon—Woodspotentialsaregiven in thefig. 5 caption.

As it is seenfrom the figure the macroscopicand microscopicformfactorsagreewell, outsidethe
distanceRb + RB + 2 fm, inside which no contribution to inelasticscatteringis expected(cf. also
section 6).

The radial part of the formfactors(3.8) and(4.16)are realnumbersandare the quantitiesto be
usedin a coupledchanneltreatmentof heavyion reactions.In actualcalculations,ase.g. DWBA
onetakesinto accountin anempiricalway the channelsnot treatedexplicitly by introducing an
imaginarypotential.In elasticscatteringthe imaginarypotentialW essentiallydescribesthedepopu-
lation of the entrancechannel.For inelasticscatteringthe excitedstatecanbepopulatedvia the
neglectedchannelswhich effectively implies an imaginarycontribution to the formfactor. Sincethe
couplingto the neglected~channels(i.e. the formfactors)arecorrelatedwith the positionof the
nuclearsurface,onewould in the macroscopicmodelexpectthat the imaginarypart of the form-
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Fig. 4. Macroscopicformfactorsfor someof thereactionsstudiedin fig. 2. They were calculatedusing equation (4.22)and the
potentialdeterminedfrom elasticscatteringin references[9] .and [10], adjusting the matrix elementof to agreewith the micro-
scopicresult for the matrix elementof themultipole operator A’ (EX, M), whichalso agreeswith the known experimental values. For
comparison we display also the corresponding microscopic formfactors taken from fig. 2. Similargood agreementsbetweenthe two
typesof formfactors are found using the empiricalpotentialof ref. [8].
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factor is correlated to the imaginary part of the elastic potential W in the sameway as the real part
of the formfactor is correlatedto UN.

This is the standardprescriptionwhich will be usedalsoin the applicationspresentedin section6.
The formfactorsfor stronglydeformednuclei,wherethe first orderexpansionin the deformation

parameteris not appropriate,areevaluatedin appendixC.

5. Equivalenceof macroscopicandmicroscopicformfactorsfor collectivestates

The numericalagreementbetweenthe macroscopicandmicroscopicformfactorsshownin the
previoussectionis anaturalconsequenceof the basicassumptionsutilized in the RPA. In fact the
collectivestatesaregeneratedby the couplingbetweenthe particledegreesof freedomandthe mean
field which in turn is producedby the particlesthemselves.The collectiveresponseof the nucleusto
an external field should therefore be the samewhetheronedescribesthe systemin termsof the
particle degrees of freedom or in terms of the collectivedegreesof freedomof the meanfield or the
associated density.

In order to showthis equivalenceexplicitly we usethe expression(2.29) for the formfactor
operator.The diagonalmatrix elementof this operatoris identicalto the ion—ionpotential as
calculated by folding, i.e.,

UbB(r) = (OIf(r)I0) Jd3r’i Ulb(r’lb) (0I~I0), (5.1)

while thenon-diagonalmatrixelementis givenby

(A,1IfI00)~ufd3riUlbKAIiI~IO>. (5.2)

We want to consideronly the excitationof particle—holebosonsi.e.,excitationsgeneratedby the

bosonrepresentation(f(r))B of the formfactor (cf. eq. (3.7)). The matrixelementsof thecorrespond-
ing density-operator(~)Bdefined by

= $ Ulb(r~b)(~(r~c))Bd3r~, (5.3)

canbe written in termsof the amplitudesX andY as

(n, Xj.iI(f)~ 00) = > Jd~
1 mj(ainic~i)~jkmk(’~k”1C~1) [Xfl(akalA)— }~(akalA)] (5.4)

mkmi

X (_l)Jk+mk+~~k(/~— mI/kmICIA —

The index ak indicatestatesabovethe Fermi surfacewhile a1 designatesoccupiedstates.
In the randomphaseapproximationtheseamplitudesaregiven by

Xn (akalA)

1’~(afta1A) = ±(_1)’~iA~(akIIFAIIaj)/(eak — ~ ÷~lw~). (55)

They wereobtainedby diagonalizingthe separableinteraction[3]

H=K~FAMF~M, (5.6)
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where

= U
1C (5.7)

is the single-particlefield generatedby the vibration.The quantityA~,indicatingthe particle-
vibration couplingstrength

AA(n) = ~
4hWA(fl)(Eak — eaakmkFxMk1imi)I~ (5.8)

K ta~a
1p [(Ca — Calj

2 — (hwA(n))2]2
mkmi

In the actualcalculations,the resultsof which werepresentedin section3, oneusedinsteadof(5.7)
the field r?~Y~(r),which hassimilar matrix elementsas (5.7)exceptfor a commonfactor.

Onemaywrite the matrix elementof (5.7) appearingin (5.5) in the form

(a,.mk kFAM a
1m,)= <a,. mk [-~--~-,IJ~i,}a1mj>= (Ca,. — Ea.) <(agm,.~ Ja1m~,>~ (5.9)

where is the single-particleHamiltonian being alsoa function of the deformationparametersaXM.

The matrix elements (5.9) enterin the crankingexpressionfor themassparameterD~in (4.2) i.e.,

D°~= 2h
2 ~ I(akmkIKFAMIa~mI)I2 . (5.10)a~aj (Ca,. — Eai)

m
1m~

Therearetwo limits in which we can prove the equivalencebetweenthe macroscopicand micro-
scopic formfactors,utilizing the aboveexpressions.In the first limit we assumeIIWA “~ (en,. — Cai)~

i.e., the vibration’al energyis muchsmallerthanthe particle—holeexcitationenergy.In the second
limit we assumethat all particleexcitationscontributingto agiven modearedegeneratei.e.,

Ca,. — = L~E.

In both thesesituationsonefinds, utilizing the equations(5.5)—(5.lO),that the matrix element
(5.4) reducesto

(n, AfzI(~)BlOO) //~~A ~ ~d~i[Ø$m(airic~i) ~ (a,.r1~~1)4,.m,.~ao~Aj/

mkmi

+ ~m,.(~i,.1ic~i) ~ <a,.m,.~~ aimj>]

= —p-— ((OIj,I0)) (nAi.~IaAM100).

The formfactor (5.2) is thusgivenby

~A,4/i00)=—p-- ((0~fl0))(nA,4aAUI00) ~-~---(UbB(r))(nX,.zfr~XMlOO), (5.12)

which is identicalto (4.16).
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Althoughthe two assumptionsleadingto this identity are not strictly fulfilled for the actual cal-
culationsin section3, the first assumptionis the onerelevantfor the low-lying collectivestate,while
the secondis moreappropriatefor the giant resonances.

The remainingdifferencebetweenthe calculatedmacroscopicandmicroscopicformfactorsfor
r > Rb + RB + 2 fm, as seenfrom fig. 4, is howevernot expectedto be relatedto the marginalful-
filment of the aboveapproximation.In fact the microscopicformfactorswere calculatedutilizing
harmonicoscillatorwavefunctionswhich do not displaythe correctasymptoticbehaviour.Also the
empiricaldeterminationof the ion—ion potentialleavessomeuncertaintyas to the exponentialslope
of this potential.The abovecontentionis supportedby the fact that themicroscopicformfactors
associatedwith differentmulti-polarities(cf. fig.3(c)) areessentiallyidentical.

It is an interestingobservationthat the formfactor for a collectivestateis not dominatedby a
few particle—holeconfigurations,althoughthe singleparticleformfactorcorrespondingto “hot
orbitals” of low angularmomentais muchlargeroutsidethe nucleusthanthe singleparticle form-
factorsinvolving orbitalsof high angularmomenta.This is becausethe amplitudes(X and Y) of
theseconfigurationsaregenerallylargerthanthoseof the former, the matrix elementsof a U/ar
beingespeciallylargebetweenstatesof high angularmomenta.

6. Differential cross-sections

In thissectionwe showexamplesin which the formfactorsareusedto calculatedifferentialcross-
sections for inelasticscattering.

The resultsfor 104 MeV 160 ions scatteredon 208Pb leadingto the 2.62 MeV octupolevibration
is shownin fig. 5 utilizing the microscopicformfactorof fig. 2 and the macroscopicformfactorof
fig. 4. The angulardistributionsarevery similar asexpectedfrom the similarity of the two form-
factorsatdistanceslarger thanRb + RB + 2 fm (cf. fig. 4(a)).

The angulardistributionsdo not agreehoweverwith the experimentaldata[9]. Utilizing the
macroscopicformfactor includingthe contributionfrom the empirical imaginarypart oneobtainsa
quantitativeagreementas shownin fig. 5(b).

7. Conclusions

Theratherdetailedinvestigationcarriedout in thispaperon the calculationof the microscopic
formfactorsshowthat the macroscopicprescriptionin mostcasesis veryaccurate.This is not only
true for low-lying vibrationalstatesas hasbeencheckedempirically,but it is alsotrue for theexcita-
tion of giant resonancesandnot-so-collectivestates.We haveshownthat this result is to be expected
in the rai~idomphaseapproximationfor stronglycollectivestates.

We havealsoshownthatmacroscopicformfactorsfor the excitationof vibrationalstatesaremore
accuratethanhithertoassumedbeingan expansionin the smallparametera~(vibrationalampli-
tude)andnot in the apparentexpansionparameteraXMR(°)/a,ais thediffusenessof the ion—ion
potential.

We want to acknowledgethe helpof P.F.Bortignonin the calculationof the microscopicwave-
functions and H. Esbensen and S. Kahana for valuable discussions.
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Fig~5. Theoretical and experimental differential cross-sectionassociatedwith the excitation of the 2.62 MeV 3 statein
2O8pj~with

104 MeV 160 ions.The calculationswere carriedout in the DWBA utilizing a Saxon—Woodspotential with parameters

V = —40 MeV ry = 1.31 fm a,, 0.45 fm
W—i5MeV r~i.31fm a~0.45fm.

In (a) the dashedcurve showstheresult usingthe real part of the macroscopicformfactor while thefull drawn curve showsthe result
using the microscopicformfactor of fig. 2(g). In (b) the imaginary part of the macroscopicformfactor wasadded to both formfactors.
The dots indicate the experimentalresults of ref. [9J.

AppendixA: Microscopicformfactorsfor superfluidanddeformednuclei

In this appendixwe calculateinelasticscatteringof nucleishowingpairing(superfluid)andsurface
deformation.Forsuperfluidsystemsthe nuclearstatesaredescribedin thequasiparticlebasis.

The quasiparticlecreationandannihilationoperatorsaç~and~jm aredefinedby theunitary
transformation

a~mi(ai)= Lç
1(a1)~~mi(ai) — ( ~)/1 + mi 1- ~ J’1(ai)~ — m1(’~i),

b~mi(ai) = Vi,1(ai) aj~mj(ai)+ (_l)11 + mi + ~ L~1(a1)~ — mi(”i)~ (A. 1)
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whereU andV arethe BCSoccupationparameters.The quasiparticleoperatorsdefinethe vacuum
state IBCS) by the relation

ajm(,a)IBCS)= 0. (A.2)

In order to evaluatethe formfactor for inelasticscatteringon superfluidsystemsoneshould

express(2.23) in termsof theseoperators.Inserting(A. 1) in (2.23)one finds

~ (_l)~~1 ~2/2 + 1 {~2(a2) ~~(ai) [a~a~]AM — ~2(a2) L~1(a1)
a1 a~
AM

X + (~I2(a2)U11(a1)’—J’~2(a2)1’~1(a1))[a~~h]AM+ (~l)7nl J’~(al)\/2jl + 1

X ~5(a1,a2) ~(A,0)}, (A.3)

wherei3~=(_l)/+m+~c~m.
The first two termsinduce two-quasiparticleexcitations,while the third term inducessingle-

quasiparticle excitations and is relevant only for odd nuclei. The last term has only diagonal matrix
elementsandleadsto theion—ion potential.

In superfluidsystemstheresidualinteractionsproducecollectivestateswhich areof similar
natureas thosediscussedin section3, exceptthat no distinctioncanbe madebetweenparticle—
holeandtwo-particleor two-holestates.

Utilizing a relationof the type(3.6)but whereF~M(a1a2)indicatesthe two-quasiparticlecreation
operatorandF~M(n)indicatesthe bosoncreationoperatorin the quasiparticlebasiswe obtainfor
the bosonrepresentationof the formfactoran expressionidenticalto (3.7) wherethe function(3.8)
is given by

~(r) a1~a2 1 +6(al,a2) f~a1(~) (~~(ai)~2(a2) + ~2(a2) ~~(a~)) [X~(a2a1A)

— Y(a2,a1A)]. (A.4)

This expressionwasusedfor the numericalevaluationof the formfactor for the excitationof the
statesin ‘

20Sndisplayedin fig. 2.
The macroscopicformfactorsfor superfluidsystemsaredefinedin the sameway as for normal

systems,as it was donein section4. The proofof the equivalenceof the macroscopicandmicro-
scopicformfactorscaneasilybe generalizedto includethe presentcaseof superfluidsystems.

For deformednuclei the nuclearstatesaregiven in termsof the wavefunctionsXK in the intrinsic
frame. We consideronly axially symmetricquadrupoledeformationswhere[3]

~IBMB ~/6~2~1± ~(KB, 0)) {~BKB(~i) xKB(~)+ (_l)’B~B ~~_K~(l~i) x~B(fl}. (A.5)

The variablest9~denotethethreeEuleriananglesdescribingthe rotation from thelaboratorysystem
to the intrinsic frame,while K

8 is theprojectionof the total angularmomentumon the intrinsicz-

axis.
In order to evaluatetheformfactor connectingstatesthusdescribed,we expresstheoperator

[a~(a2)b~(a1)]AMin (2.23) in termsof the creationoperatorsa’~andbl+ in the intrinsic framei.e.,
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[a~(a2)b~(al)]AM= ~ [a (a2) b~(a1)]~. (A.6)

Next we expressa’~andb’+ in termsof the creationoperatorsof single-particle(Nilsson)statesin
the deformedaveragepotential.We thusobtain

a;2w2(a2) = ~ W,~2(w2)a~2(P), (A.7)

and

= > W~1(w1)b’j1(q). (A.8)

Utilizing (A.6)—(A.8) we can write the formfactor (2.23)as

~ M(~j)~1~fr) ~ f~(r)a~2(p)b’~1(q), (A.9)
pq

~‘~‘i

wherethe intrinsic formfactoris given by

f~(r) = ~ (_l)~i ~~A+l) (/2w2j1w11Av) W~2(w2)W~1(wi)f~2°1(r). (A.10)

Notethat the summationover i.t canbe performedleadingto aD-function D~~(i3)where~ indicates
the rotation from the “intrinsic” systemwith z axisalongr to the intrinsic systemof thedeformed
nucleus.

Theresidualinteractionamongthe particlesmovingin the deformedpotentialgives riseto
collectivevibrationsof particle—holetype.This interactioncan alsobe diagonalizedin the RPA and
the calculationproceedsin a similar way as for thesphericalcasediscussedin section3, but for the
fact thatthe quadrupole—quadrupoleinteractionwith K = 1 should be left out sincethevibrational
amplitudea21 correspondsto a rigid rotationof aquadrupoledeformedsystemwhich is not allowed
in the intrinsic frame. Thus,quadrupolemodesaregeneratedby theresidualinteractiononly
correspondingto i~-and ‘y-vibrations.

In analogyto (3.1) we definethe bosonoperator

F~(n)= ~ {X,~(ki)I~(ki) + (—1 )~‘Y~(ki)F~(ki)}, (A. 11)

where

F~(ki) = a~(k)b~(i), (A. 12)

with w,. + c~.= p. The indiceskand i label the statesaboveandbelow the Fermisurface,respec-
tively. TheX and Y coefficientsare determinedby diagonalizingthe residualinteractionin theRPA.
The resultingformfactorobtainedby insertingthe inverserelationto (A. 11) in (A.9) reads

f(r) = ~ ~_MP ~ f~~(r){F~1n + (—l)~F~(n)}, (A.l3)
n
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where

J~(r)= ~ {X0(ki) — Y~(ki)} f~(r). (A.l4)

This formfactorhasno diagonalmatrix elements.The excitationswithin the groundstaterotational
bandaregeneratedby the diagonalmatrix elementin the intrinsic coordinatesof the representation
(A.9) of the formfactor.

Most deformednucleiarealsosuperfluid.Onehasthusto work with intrinsic wavefunctioncal-
culatedin the quasiparticlerepresentation.The quasiparticlecreationandannihilationoperatorsa+
andaaredefinedby the two-dimensionalrotation in gaugespace

a~(p)= U(p) a~(p)— V(p) a~(p) (A.l5)

and

b~(p)= U(p) ct~(p)+ V(p) a~(p). (A.l6)

The formfactorin the fermionrepresentationtakesthe form

f(r) = ~ ~ ~ ff(r) {U(p) V(q) a~(p) a~,(q) — V(p) U(q) a~(p) a~(q)
Aiz,v pq ~‘ q

Wp Wq

+ (U(p) U(q) + V(p) V(q))a~(p)a~(q)— V
2(p) ~5(p,q)}. (A.l7)

The last term inducesexcitationswithin the groundstatebandbesidesbeingresponsiblefor the
ion—ion potential. it is notedthat the excitationswithin thegroundstaterotationalbanddoesnot
necessarilyproceedsthroughquadrupoletransitionsalthoughtheaverageintrinsic potentialwas
assumedto be quadrupoledeformed.

In order to get the bosonrepresentationof the formfactor (A. 17)we haveto work out the first
two termsof this expressionin the way outlinedin section3. Thus theoperatorF~(a

2a1)mustbe
replacedby theoperatorF~’(a2a1)creatinga two quasi-particlestateout of the deformedvacuum,
andthe bosonoperatorsF~(n)mustbe replacedby thecorrespondingoperatorT~’(n).Apart from
the coefficientsW of the Nilson expansion,the resultis thussimilar to the onein (A.4).

AppendixB: Matrix elementsbetweenmulti-phononstates

In this appendixwe calculatethe matrix element

~A~IV(s)ImAM) ~nAM!mAM! (01 M~M J~(s)(C~M)mA#I0) (B.l)

of the nuclearinteractionVN betweentwo many-phononstates.
Utilizing theresult (4.13)i.e.,

[cAM,VN] = (
1AMIaAMIO) avN/aaAM (B.2)

anddefining
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[CAM, VN](n)= [cAM, [cAM, VN](01)], (B.3)

weobtain

[CAM, V”~]~= ((lA Ia~IO)a/aaAM)~VN. (B.4)

Making useof this relationwe cancalculatethe resultof commutingall thedestructionoperators

with V’~in eq. (B.1). Assumingn <m we obtain

(Oj(cAMY1AM VN (C~M)mAMI0)=~(”~AM)(0l[cxM, vN](nAM_P)(cAM)P (C~M)mXMIO)

Xp AM A a )flXM_P (OIVN (~}~(C~M)mXMIO).

(B.5)

Utilizing the bosoncommutationrelationwe obtain

(cxM)~ (~M)mAMO)= mAP! +) (B.6)
(mAP — p).

Thematrix elementappearingin the summationin (B.5) canthusbe written as
(0IvN(cA~(C~~)mAMl0)= ~ (0lVN(C~~)mAM_PIO). (B.7)

(m~~— p).

This matrix elementcan be calculatedutilizing (B.4) i.e.

a m~-p

(0IVN(C~~)mAMPI0)= (0I(c M)mAMPVNIO)*=(_(lAMIaxM,O)R~) ~Ap (0I~Io). (B.8)

The total matrix element(B.5) is thusequalto
1/2

~Xp’ VNimxp)= p~op! (nAM—p)!(rnxM — p)! (~APIaXMIO)R~))mxM+ -
2P (Y)m~- P

/ a\mxM+nAM_2P
X (Y~)~AM~~—) UN. (B.9)

ar

AppendixC: Macroscopicformfactorsfor deformednuclei

For deformednucleithe macroscopicdescriptionof the formfactorsis mostconvenientlyworked
out utilizing a formulationanalogousto (2.29).We thusintroducethe ion—ion potentialas a func-
tion of thedeformationparametersof the form

U(r, aAM) = Jp
8fr’, ct~~)Ulb(Ir’ — rI) d

3r’. (C.l)

In evaluatingthe integral(C. 1) we usea coordinatesystemin which the z-axis is alongthesym-
metryaxisof the equilibrium deformation.We thusassumethat
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pB(r, a~~)= PB(r — R~[l + (a~0~+ a20) Y~+ a22(Y22 + ~‘2- 2) + ~ ~ Y~]), (C.2)
A~3,v

wherea~°~is theequilibrium deformation.The vibrationalamplitudesa20 anda22give riseto ~3-and
‘y-vibrations respectively.

The formfactor for excitationswithin the groundstaterotationalbandaregiven by takingmatrix
elementsof (C. 1) betweenwavefunctionsof the type(A.5).We shall considerevennucleiand
write the wavefunctionin the form

/21+1
IIBPMB) ~“ 8~ ~ Az.’) (C.3)

wheremAy) indicatesa statewith zero(n = 0) or one(n = 1) quantumof multipolarityA and K-
quantumnumberij’, i.e. an eigenstateof the vibrationsin the variablea~.

The formfactorfor excitationswithin the groundstaterotationalbandis given by

~BOMBIUbB(r,a~~)JOOO)= ,/~iTl Jd3~, PB~(19~)U~
t(r,i~~,a~°~), (C.4)

wherethe ion—ion potentialin the intrinsic frameis defmedby

U~t(r)= Jd3r’ (000ip(r’)iOOO) Ulb(Ir’ —rl). (C.5)

This quantity is a functionof r and the anglebetweenr andthe intrinsic symmetryaxis (3).
The expression(C.4) canbe calculatedmaking useof the relation

~MB0(~ = ~ ~M~M~’ 0, i/i) ~ (C.6)

wherethe threeEulerianangles(~p,0, ~i) indicatetherotation from thelaboratorysystemto a
systemwith z-axisalongr, while the Euleriananglest~indicatethe orientationof the intrinsic
systemwith respectto this coordinatesystem.

Inserting(C.6) in (C.4), theintegrationovertwo of the Euleriananglescanbe performedandwe
find

(IBOMBI ~Bfr, a~)I000)= f
18(r) l’IOMB(r), (C.7)

with

f18(r) .~/~5sin~‘ diY 1~18(cosi~’)U~
t(r,~‘, a~). (C.8)

The non-diagonalmatrix elementsof (C. 1) in the intrinsic statescanbe treatedin the sameway
as the non-diagonalmatrix elementin section4, i.e. onemayuse

(lAvIpI000) = —R~°~~~‘~(~‘) (lA~Ia~l000)a(oIpIo/ar’, (C.9)

which holdsto the samedegreeof accuracyas (4.16).
The formfactor(C.8) canbe evaluatedanalyticallyif we usean exponentialion—ion potentialof

the form

U,~(r)= —S~eb’~B~’, (C.10)
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where(cf. ref. [8] ) S ~ 50 MeV/fm anda~ 0.63 fm. The quantityR is given by [111

R = (c~’ + c1~)~/
2 (ct’ + cr)~’2, (C. 11)

wherethe c’s arerelatedto the radii of curvatureat thepoint of contactbetweenb and B. We shall
assumethat b is sphericali.e.,Rb is constantand

c~ c~= l/Rb. (C.l2)

For the radiusRB of nucleusB we assumethe angulardependencecorrespondingto anaxially
deformedequilibrium shapei.e., in the intrinsic frame

RB ~R~(l + e
2P2(cos a’)), (C.l3)

with

e2 ~ (C.14)

The quantitiesc~andc~arethentheprincipal ratesof curvatureat thepoint of contact.We shall
usethe expression

R R’°~
RbB =Rb’~l-i~

3~~(1 —B
2P2(cos i’). (C.l5)

withB2 Rb+R~°)~2’ (C.l6)

whichis correctto first order in B2.
Inserting (C.l3)and(C.lS) in (C.lO) we find in theintrinsic frame

RR~°~
U~t(r,~‘) = J~(Ø)(1 — B2P2(cosi~’)) exp~—(r—- Rb — ~ (1 + C2P2(cos~‘)~/a}. (C.17)

In evaluatingthe integral(C.8)it is not appropriateto expandthe exponentialin (C.17)in powers

of ~2 sincethe expansionparameter

c = (R~/a)e2 (C.l8)

is oftenof theorderof magnitudeof unity. The integralcanhowever,be evaluatedin termsof the
functionsgiven in ref. [5] (page219) i.e.,

1 F((I+ 1)/2) 1+2 21+3 —3 \
q1(c) = 4 J dx P1(x)ecP2(x)= 2F((21+ 3)/2) ec(3c)h/

2
1F1( 2 ‘ 2 ~ c), (C.19)

where1F1 is a confluenthypergeometricfunction.
Thequantitiesq1(c) satisfy the following recursionrelation

(21— l)(21+3)
(I + 2) (21— 1) q1 + 2(c) = (i — ) (21 + 1) q1(c) + (I — 1) (21+ 3) q1 2(c),

(C.20)
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and theycanthereforebe evaluatedfrom q0(c)andq2(c) which accordingto (C.19) aregiven by
,r~ ~

q0(c)= e
12 ,,/-~..‘...erf t,~~/——~-j,

(C.2l)3c

whereerf (x) is the error function.The functionsq
1(c)aregiven in fig. 6 for I = 0, 2 and4.

In order to evaluatethe integral (C.8)in termsof q1(c)we notethat the term proportionalto
B2 canbe expressedin termsof dq1/dc.We maytherefore,to first order in B2 write the result

2aR

f1(r) /4~(U~(r))~2o~ q1 (~(1 — R~°)(Rb±R~)))) (C.22)

where(Ub~(r))�20 is the ion—ion potentialfor deformationzero.
The fact that all formfactors(C.22)havethe sameradial shapeis a consequenceof theexponen-

tial form of the ion—ion potential,which is expectedto be a rathergoodapproximationfor heavy
ion reactions.Comparingwith fig. 6 it is seenthat the curvatureeffect,aswas to be expectedtends
to cancelthe first term.Correctionsto (C.22)areexpectedto arisefrom a possiblevariationof a
with angleandfrom achangein thevalueofR~ascomparedto thevaluefornon-deformednuclei [8]

Rr) = 1 .233 A~’
13— 0.978A~13. (C.23)

Onemight thusexpecta correctiondue to volumeconservationwhich, for the spheroidalshape
used,would leadto a radiusparameter

~ = R~’~(1 — ~e~), (C.24)

to lowestorder in C~.

~ ~IIq~III~c~

~O4~2 III I I

Fig. 6. The functions q

1(c) definedin eq. (C.19). These functionswhich describethe strengthof the ion—ion potential andof the
formfactorsfor excitationwithin thegroundstaterotationalband(cf. eq.(C.22))areplottedasfunctionsof thedimensionless
parameterc definedin (C.18).
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Including this correctiontheexpression(C.22) for the formfactorwouldread

f
1(r) =~/~(U~(r))~2_0~ — )c) . (C.25)

Formanydeformednuclei the ion—ion potential(U~(r)= (4irY”
2f

0(r)) accordingto this formula
is almostthesameas thepotentialbetweenthe correspondingsphericalnuclei. The deformation
implies a small increasein the effectiverangeof interaction,but no changein the diffusenesspara-
meter.Theseconclusionsarebasedon the exponentialform of thepotential,andareonly
expectedto be correctfor

r� Rb+R~)(l+ �21)+ 1.5 fm. (C.26)
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